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Abstract

We study whether systems with multiple concurrent proposers (MCP) incentivize the geo-
graphic decentralization of proposers. In our model, concurrent proposers strategically choose
their locations to maximize their captured market share of users, who decide where to send
transactions by comparing each proposer’s time to inclusion. The time to inclusion between a
user and a proposer consists of two terms: the distance between them, and the distance between
the proposer and her nearest quorum of attesters, the latter of which we term the quorum ra-
dius. We formally prove that proposers’ quorum radii are the determinant of their incentives:
proposers optimally choose where to locate in order to minimize their quorum radii. We obtain
as a result co-location when proposers also serve as attesters, but geographic diversity when
these roles are separate. We also examine pre-confirmations and faster intervalidator connec-
tions, showing that they attenuate the influence of the quorum radius and further destabilize
co-location incentives.

1 Introduction

“Decentralization” serves an important purpose in permissionless blockchains. At the time of the
technology’s conceptualization, its purpose was to enable transaction without reliance on a central-
ized intermediary [Nak08]. While it continues to serve this purpose today, our understanding of the
concept and its role has matured and become more nuanced. We now understand, among others,
how to think about and measure decentralization |[GBE™18, [OKK24l, [SBFG21], [SL.17], how financial
motives such as maximizing extractable value (MEV) can threaten it [BGR24, DGK™ 20, MMRZ22),
MMR23|, [YNZ25], its role in censorship resistance [WEY 24|, and its economic benefits [LWZ25].
More recently, prior work has also begun to investigate the geographic topology of blockchain
systems [MGZJ26, MJ23, RMBEK26, YOWZ26l, AWC+26]. Interest in geographic decentralization
stems from the desire for a network to be geographically robust to correlated regional failures,
proximal to users, and independent of idiosyncratic factors like local decisions. Nonetheless, there
are strong reasons why current validators of major blockchains such as Ethereum and Solana heavily
concentrate in the U.S. and FEurope, such as infrastructural advantages and the financial edge that
comes from minimizing one’s latency to payoff-relevant parties and other validators: the ability
to strategically delay block broadcasting (also termed “timing games”), which results in greater
MEV [ABS25], (OKV*23, [SSST*23|. This temporary monopoly power of a single rotating leader in
most contemporary consensus protocols to censor, reorder, and insert transactions has often led to
negative outcomes for users. Therefore, the original motivation for the adoption of protocols with

*Category Labs
fCategory Labs
Princeton University, ex3782@princeton.edu. Work done while interning at Category Labs.


https://arxiv.org/abs/2609.33958v1

multiple concurrent proposers (MCP) |[BEH™26, [GNR25, [KRSW26] has exactly been to curb the
monopoly influence of a single leader, reducing the impact of MEV on these ecosystems.

Oftentimes, there has been a commensurate belief that, should there be multiple proposers dis-
jointly building parts of the block, these parties will be better motivated to diversify their locations.
The underlying reasoning given is that if a user can send to any proposing validator, then she would
prefer to send to the closest one. Validators would then spread out geographically to better serve
and capture these users and opportunities. In fact, if one accepts the premise that users prefer
closer proposers (or that those who capture opportunities are those who are closest to them), prior
work on location games does suggest that validators would spread out in equilibrium [EL75]E| This
leads us to the underpinning questions motivating this work:

Question 1. Would users necessarily prefer the closest proposer?
Question 2. Would the proposer who captures an opportunity necessarily be the one closest to it?

We answer both questions in the negative. At a high level, in most blockchains, including
Ethereum and those based on Byzantine Fault Tolerant (BFT) protocols, not only does a proposer
need to hear about a transaction before the block deadline, but she also needs to propagate it to a
quorum, typically a supermajority, of her peers by the same deadline.

Proposed MCP protocols do not change this requirement: user preference over concurrent pro-
posers and the capture of opportunity remain dependent on both proposer latency from sources as
well as their latency to their nearest quorums. The time at which a sophisticated user (who sends
transactions as late as possible to maximize her informational advantage) must send her transaction
is not determined by only her latency to a proposer nor only the time it takes for a proposer to
collect a quorum of votes. Rather, the time depends on the sum of these two terms, so such a user
would send to the proposer who minimizes this sum (which allows the user to wait the longest).
When retail users broadcast their transactions, it is also this sum that determines the proposers
who are the first to include these transactions in a block. In either case, to capture more transaction
volume, a proposer cannot simply optimize for either latency term.

That is to say, latency to source and latency to quorum offer competing proposer incentives:
the desire to minimize latency to globally distributed sources of revenue from user transaction flow
incentivizes dispersion, while the desire to minimize intervalidator propagation latency incentivizes
concentration. This paper investigates which incentive is more salient, and the conditions that
determine saliency, for a proposer deciding where to locate when she no longer has monopoly power
over the contents of her block. Our findings are as follows.

Theorem 1.1 (Informal). Proposers choose locations that minimize the time to collect a quorum
of votes, which we call the quorum radius. This motivation results in co-location when proposers
are the attesters but can promote geographic diversity when attesters are a separate set of nodes.
Faster intervalidator connections and preconfirmations can incentivize proposers to spread out by
weakening the influence of the quorum radius on their market shares.

1.1 Model

We study this question via a model reminiscent of the classic Hotelling model of spatial competition
[Hot29]. In our model, users are exogenously distributed along the unit intervalﬂ and validators

Hotelling [Hot29] shows that two firms competing to capture consumers on a line who patron the closest firm
co-locate at equilibrium, giving rise to the “principle of minimum differentiation.” However, Eaton and Lipsey [ELT5|
show that in the same model, with at least four firms, the firms locate uniformly along the line at equilibrium.

2In practice, some users, e.g., searchers, endogenously decide their locations. However, this only makes co-location
more likely, so an exogenous distribution only strengthens any co-location result. Also, an exogenous distribution is
reasonable for retail users.



choose where to locate to maximize their market SharesE| The distance between two points represents
their latency. Given the locations of validators, a user sends her transaction to the validator that
minimizes the sum of two distances: the distance between them and the distance between the
validator and her m-th nearest peer (including herself) where m is the number that determines
a supermajority. The former quantity represents the latency between the user and the validator,
while the latter, which we term the quorum radius, represents the validator’s (minimum) propagation
latency. The sum of these two quantities then represents the total time that passes between when
the transaction leaves the user and when it is received by a quorum of validators. If multiple
validators tie, then the user picks a random one to send her to. A validator’s market share is the
fraction of users who send to her.

This model captures sophisticated users who wait as long as possible before sending their trans-
actions: the sum of the two latencies dictates exactly how late a sophisticated user can send her
transaction if she wants the validator to receive and propagate her transaction before the block
deadline. One can think of each location as a group of users competing for the same opportunity.
The model is time-agnostic in the sense that the exact time that a transaction gets sent does not
affect which validator it gets sent to, so one is free to think of each location as sending at a different
time (and optimizing for a different block deadline).

To model retail users who broadcast their transactions to all validators (who then compete to
include these transactions in the earliest block), we introduce a temporal aspect to our model. Let
A > 0 denote the time between deadlines, that is, the protocol’s block time. Users send transactions
at a constant rate for A timeﬂ It is possible to include a transaction sent at time 7 € [0, A) in
block k if there exists a validator who can receive and propagate the transaction to a quorum before
k- A — 7 time passes. A validator is the first to include this transaction if she minimizes k. Ties are
broken randomly. A validator’s market share is the fraction of transactions that she includes first.

1.2 Extensions

We also investigate how preconfirmations and dedicated network infrastructure such as DoubleZero
could influence the location decisions of validators. A preconfirmation is a promise from a validator
that a user’s transaction will be included in a future block. The validator can make this promise
as soon as she hears about the transaction. In particular, unlike inclusion, she does not need to
communicate the transaction with any of her peers nor wait until the block deadline. The time it
takes for a user to receive a preconfirmation from a validator is therefore just the latency between
them, so a preconfirmation user would send her transaction to her closest validator.

To model the fact that some users may be happy with a preconfirmation, we assume that only
an « fraction of the users at each location determine which validator to send to based on the time
to inclusion. The remaining 1 — « fraction send to their closest validator (tie-breaking at random).
When a = 1, we recover our original models. When a = 0, the model coincides with Hotelling’s
[Hot29].

Dedicated network infrastructure such as DoubleZero provides validators with faster connections
to each other. Because these networks are less congested and offer more direct pathways than public
internet infrastructure, they offer a fixed percentage improvement in latency per unit of distance in
expectation. In other words, the time it takes to cover some distance on these specialized networks
is some percentage of the time it takes to cover the same distance on the public internet.

3 Alternatively, one can think of transaction locations as iid samples from this distribution and a validator’s market
share as her expected share of the sampled transactions.

4As in the non-block time model, one is free to think of sampling from the distribution of users instead of each
location as sending a transaction at each point in time.



To model the effect of faster intervalidator connections, we modify user preferences as follows. A
user determines which validator to send to using the sum of two terms: the distance between them
and p € [0, 1] times the distance between the validator and her m-th nearest peer. One should think
of the distance between two points in this model as their latency on public internet infrastructure.
This distance scaled down by p is then their latency on dedicated rails. When y = 1, we recover our
original models. When p = 0, the non-block time model coincides with that of Hotelling [Hot29].

1.3 Attester-Proposer Separation

Currently, most Proof-of-Stake (PoS) protocols ask validators to both propose and vote on blocks.
So far, we have only considered MCP protocols that do the same. However, an MCP protocol could
instead divide validators into disjoint sets of attesters and proposers, e.g., by requiring stake to
be registered separately for the two rolesﬂ In particular, proposers do not come from the set of
attesters. We study how this design decision influences the location decisions of proposers.

Under such a design, proposers no longer propagate their blocks to each other but to quorums of
attesters. We model the distribution of attesters as exogenous[f] The distribution could be discrete
(if the number of attesters is finite), continuous (if the number of attesters is large), or possess both
discrete and continuous components (if the number of attesters is large but significant fractions
locate at the same points). A user determines which proposer to send to using the sum of two
distances: the distance between her and the proposer and the distance between the proposer and
her nearest quorum of attesters. We continue to refer to the latter quantity as the proposer’s quorum
radius.

1.4 Results

In its most basic formm our model suggests that despite having to compete with other validators
for transactions in any given time slot, when deciding their locations, validators care more about
their latencies to each other than their latencies to users. We show that all validators co-locate
at equilibrium as a resultﬁ These conclusions hold in both sophisticated and retail models and
irrespective of block time.

Both preconfirmations and faster intervalidator connections destabilize co-location by attenuat-
ing the influence of the quorum radius: preconfirmation users disregard this quantity, while faster
connections make user-to-validator latency more important. For a continuous uniform user distribu-
tion, we bound the distance between any user and her nearest validator at equilibrium, also known
as the covering radius of the validators. A smaller covering radius means the validators are more
spread out. Qualitatively speaking, the covering radius decreases as the fraction of the preconfir-
mation users increases, as intervalidator connections get faster, and as the number of validators
increases. With faster intervalidator connections, shorter block times also reduce the covering ra-
dius, although only up to a certain extent. Since preconfirmations are independent of block time,
the covering radius does not vary with it in our results.

°In permissionless settings, a validator may participate in both roles using Sybils. It is unclear whether doing so
provides a meaningful advantage as a proposer since the number of attesters is likely large. We leave this question
for future work.

5Depending on the protocol, attesters need not have location-based incentives if they are separate from proposers.
If a protocol explicitly rewards attesters for their locations, then an exogenous attester distribution is an even more
reasonable assumption.

"That is, without preconfirmations, i.e., & = 1, without faster intervalidator connections, i.e., p = 1, and without
attester-proposer separation.

8A profile of validator locations is an equilibrium if no validator can strictly increase her market share by re-
locating, fixing the locations of her peers.



Separating attestation from proposing can restore Hotelling dynamics and incentivize proposer
dispersion. For example, if attesters are uniformly distributed, either as discrete points or as a
continuum, then proposers only locate at the midpoints of attester quorums. Since attesters are
uniformly distributed, these points have the same quorum radius. A user’s preference therefore
only depends on her distance to each proposer since no proposer locates outside of these points.
We characterize the set of equilibria for these two attester distributions when additionally the user
distribution is continuous and uniform. The reduction to Hotelling dynamics over the midpoints
of attester quorums holds more generally. In particular, it holds whenever the diameter of every
attester quorum coincides.

1.5 Practical Takeaways

We expect our qualitative conclusions to be more robust than their quantitative counterparts. Our
results suggest that no MCP protocol in which validators serve as both attesters and proposers
inherently incentivizes them to locate farther apart. What this means practically is that the adoption
of MCP alone may not result in any deviation from the status quo.

The popularity of preconfirmations and the reach and speed of dedicated intervalidator con-
nections determine both which levers are available for promoting geographic decentralization and
how effective those levers are. With sufficiently many preconfirmation users or sufficiently faster
connections, increasing the number of proposers, and in the latter case, tightening the block time,
are two mechanisms through which one can encourage validators to spread out.

Our results also suggest that attester-proposer separation can promote geographic diversity.
When the two roles are assigned to disjoint sets, proposers tend to mirror the geographic distribution
of attesters. By incentivizing attesters to spread out, a protocol can encourage its proposers to do
the same.

The key quantity is the latency required to propagate a block to a quorum, i.e., the quorum
radius. When users weigh this quantity equally against their latency to proposers, proposers are
highly incentivized to minimize it. This desire promotes co-location when proposers and attesters
coincide, but geographic diversity when they are separate. Both preconfirmations and faster inter-
validator connections attenuate the importance of quorum radius. Co-location becomes unstable as
a result of this weakened influence.

Our work points to explicit location incentives, e.g., rewards, as likely important for geographic
decentralization. Without reducing the influence of the quorum radius, our results suggest that an
MCP protocol would either have to directly incentivize its proposers to spread out or indirectly by
incentivizing its attesters to do so instead. We suspect the latter is cheaper since proposer incentives
are inherently tied to location, whereas attester incentives are less so.

1.6 Related Work

We give brief comparisons to prior work. See Appendix [A] for detailed discussions.

1.6.1 Hotelling Spatial Competition

In Hotelling spatial competition, firms compete to attract users who prefer the firm closest to
them. While two firms prefer to co-locate [Hot29], when there are four or more firms, they indeed
spread out in some equilibria of the game [ELT75|. For some parameters (e.g., three firms), no pure
strategy equilibrium exists, but firms spread out (in expectation) under the unique symmetric mixed



strategy equilibriumﬂ Our work differs from the classic Hotelling literature due to the intervalidator
(correspondingly inter-firm) distance not only featuring in user preferences, but also playing a salient
role.

While our equilibrium characterizations in our attester-proposer separation model loosely relate
to the equilibrium results of [BK16| [Foul9l [FS19] INS16, [NS17], they are not implied by them. More
specifically, the restriction to finite locations in the case of finite uniformly distributed attesters and
an interval in the case of a uniformly distributed continuum of attesters is endogenous in our model,
whereas it is exogenous in prior work. That proposers restrict themselves to particular locations in
our model, which then induces Hotelling dynamics over these locations, is one of our key insights.
We defer variations of Hotelling problem and their relation to our work in Appendix [A]

Prior work [FHMT26] proposes a general class of games called position-optimization games that
have Hotelling games as a special case. While our attester-proposer separation model is a special
case of position-optimization games, results in [FHMT26| crucially depend on two assumptions
which do not apply in our setting: (1) each user has a unique location that optimizes her time to
inclusion and (2) the number of these locations are finite. See Appendix [A|for a detailed discussion.

1.6.2 Geographic Decentralization

Yang et al. study the geographic incentives of validators under Ethereum’s single-proposer protocol
design [YOWZ26|. They find that whether validators build their own blocks or outsource block
construction, they are incentivized to co-locate with payoff-relevant parties to minimize propagation
latencies. The payoff-relevant parties are information sources when validators build their own blocks
and builders and relays when they outsource block construction. The authors propose reducing the
single proposer’s monopoly power as one of the potential mitigations, whose effectiveness we show
depends on the setting in which multi-proposer protocols are deployed.

A separate line of work [MGZJ26, MJ23, RMBK26| studies how to give explicit rewards and
design mechanisms that promote geo-diversity among validators. The analysis in our work identifies
when explicit incentives may be needed in multi-proposer protocols and when validators organically
spread out to capture market share.

Like us, the authors of [AWC+26] ask whether MCP incentivizes geographic diversity among
validators. The key difference between our model and the model of [AWC*26| is that their model
does not account for the time it takes for validators to propagate blocks to a quorum, which we
show plays a crucial role. Also, our model allows a transaction not heard by any validator before
the block deadline to be included in a later block, whereas theirs does not. The nature of our results
differ as well: our results focus on equilibrium characterization, while the results of JAWCT26| focus
on the loss of welfare due to transactions getting dropped in their model.

2 Model

We first present the model in its most basic form. Users are exogenously distributed along the unit
interval according to some probability measure I/E One can think of v either as the distribution
from which each transaction’s location is drawn or as the spatial distribution of users. We adopt
the second interpretation.

9A pure strategy chooses a location deterministically, while a mixed strategy allows this choice to be random. An
equilibrium is symmetric if each firm locates according to the same strategy.

00ur main results make no assumptions on v other than that it has full support. In particular, it can place
arbitrarily small mass on some regions of the market.



Each of n proposers chooses a location to maximize her market share. Given a profile of proposer
locations p € [0, 1]", the total latency, or time to inclusion, of a user at uw € [0, 1] when she sends
her transaction to proposer ¢ is given by

Li(u, p) = d(u,p;) + Di(p).

Here, d is the Euclidean metric and represents the latency between two points. D;(p) denotes
proposer i’s quorum radius with respect to the configuration p. Recall that a proposer’s quorum
radius is the time it takes to reach a quorum, typically a supermajority, of attesters, whether the
attesters are the other proposers or a disjoint set of nodes.

When validators both attest and propose, the quorum radius of proposer ¢ if she locates at
x € [0,1] and her peers locate according to p_; is

Dj(x, p—i) = mingcp):|s|=m Max;jes d(z, p;)

where m = [2n/3| + 1. That is, D;(x, p—;) represents the latency to reach the furthest validator in
proposer i’s nearest supermajority if she locates at . When validators serves as both attesters and
proposers, we simply refer to proposers as validators and use v to denote their locations instead of
.

When attesters and proposers are disjoint sets, the quorum radius of proposer ¢ if she locates at
x € ]0,1] and her peers locate according to p_; is

Dj(z,p—;) = inf{sup,cgd(z,y) : S C [0,1] : A(S) > 2/3}

where A denotes the exogenous probability measure of attesters on [0, 1]. Unlike the user distribution
v, the interpretation of A is inflexible: one should interpret A as the spatial distribution of attesters,
not as some distribution from which an attester’s location is drawn. When there are k € N attesters
and their locations are given by a € [0,1]*, the quorum radius adopts a familiar form:

Dj(x, p—i) = mingc (k] 5|=m MaX;es d(z, a;).

Here, the number required for a supermajority m = [2k/3] + 1 depends on the number of attesters
k, not the number of proposers n. When A has continuous components (e.g., to approximate a large
attester set), the nearest quorum may not be well-defined. For example, when A is continuous and
uniform, [0, 2/3] is not itself a quorum, but [0,2/3+¢] is a quorum for all ¢ > 0. For this reason, the
definition of quorum radius takes an infimum and a supremum. In the case that A has full support
and no point masses, the quorum radius is simply

Di(z,p—;) = min{sup,cg d(x,y) : S € [0,1] : \(S) = 2/3}.

Note that the quorum radius when attesters and proposers are separated depends only on the
location z, not on the identity of the proposer nor the locations of her peers. Consequently, we use
D(z) to denote D;(z,p—;) specifically when working with the attester-proposer separation model.

Looking ahead, while proposer location incentives change based on the definition of quorum
radius D, i.e., whether proposers propagate to other proposers or to a disjoint set of attesters, the
preferences of users can be specified using only the total latencies L;.

2.1 Sophisticated Users

A sophisticated user aims to send her transaction as late as possible without missing her target
block deadline. If she sends from location u to proposer i, then to make her desired deadline, she



must send her transaction with at least L;(u,p) time remaining. To give herself as much time as
possible, she will send to a proposer in

S(u,p) = argmin; L;(u, p).

That is, she will choose a proposer that minimizes the total latency of her transaction. If multiple
validators tie, then the user breaks the tie randomly. It follows that proposer ¢’s share of the users
at u and total market share are respectively

M;(u,p) = % and M;(p) = fol M;(u,p) dv(u).

The discrete nature of block time does not matter for a sophisticated user: the time at which
she sends her transaction is always relative to the deadline of her target block. Thus, the model so
far does not feature a block time parameter. The model applies equally when different users target
different blocks.

2.2 Retail Users

Unlike her sophisticated counterpart, a retail user sends her transaction as soon as she generates it.
If the protocol requires her to pay her inclusion fee to each proposer who includes her transaction,
then she may choose to send only to a proposer who can include her transaction in the earliest block.
If the protocol instead splits her inclusion fee among the proposers who first include her transaction
in their blocks, then she may choose to broadcast it to all proposers. Meanwhile, they compete
to include her transaction in the earliest block. Our model captures both settings, although our
language favors the latter.

The discrete nature of block time is important to a retail model: a transaction sent as soon
as it is generated is included by any proposer who can receive and propagate it before the block
deadline, not just those who minimize total latency. Let A > 0 denote the block time. Users send
transactions at a constant rate for A timeH A transaction sent from location u to proposer i at
time 7 € [0, A) can be included in block

[(Li(u,p) +7)/AT,

that is, the first block whose deadline falls after the earliest time that proposer i can receive and
propagate the transaction. Whether the user chooses a proposer who can include her transaction
in the earliest block or she broadcasts it to all proposers, the ones who can capture the transaction
are those in

Sr(u,p) = argmin; [ (L;(u,p) + 7)/A].

If multiple proposers tie, then each gets an equal share of the transaction.
Proposer i’s share of the users at v and total market share are therefore

MA (u,p) = £ OA % dr and MA(p) = fol MA (u, p) dv(u),

respectively. We drop the A superscript when the context is clear.

The retail model contains the sophisticated user model by taking A to 0: for all locations
u and configurations p, S;(u,p) = S(u,p) whenever A is sufficiently small. Thus, for fixed u
and p, M2 (u,p) = M;(u,p) eventually, and by bounded convergence, M/ (p) converges to M;(p).
Henceforth, when we write A = 0, we mean the sophisticated user model.

1The game is periodic: a transaction sent in the next time slot will be first included by the same proposers that
first included a transaction sent A time earlier.



2.3 Preconfirmations

A preconfirmation is a promise from a proposer to a user that her transaction will be included
in a future block. A proposer does not need to propagate the transaction to a quorum to give a
preconfirmation and can provide one at any time, so the time to obtain one is determined by the
latency between her and the user. A preconfirmation user at location u sending at time 7 then
chooses a proposer in
P(u,p) = argmind(u, p;).
7

If multiple proposers tie, then the user sends to a random one. We assume that only an « fraction
of the users at each location care about the time to inclusion. Preconfirmations suffice for the
remaining 1 — « fraction. When o = 0, we recover the classic Hotelling model.

With an « fraction of users choosing proposers based on the time to inclusion, and the remaining
choosing based on the time to preconfirmation, proposer i’s share of users at u and total market
share are given by

o3 a A 1(EES,(u, 1(:€P(u,
M (w,p) = & fo gt dr + (1—a) - St and

M (p) = [y M (u,p) dv(u),

respectively. Based on context, we drop the « superscript.

2.4 Faster Intervalidator Connections

Dedicated network infrastructure such as DoubleZero offers latency improvements to proposers by
providing routes that are more direct and less congested compared to those of the public internet.
We model the distance-dependent improvement using a parameter u € [0, 1], which represents the
ratio of latency per unit distance on the dedicated network to that on the public internet. In
particular, if D;(p) represents proposer i’s latency of propagating to her nearest quorum via public
internet, then p-D;(p) represents her latency of doing so via dedicated rails. We assume all proposers
are on the dedicated network. This changes the total latency, or time to inclusion, experienced by
a user at u when she sends her transaction to proposer 7 to

LY (u,p) = d(u, p;) + - Di(p).

The rest of the model is unchanged. We drop the p superscript when the context is clear. When
it is not, we attach the superscript to the set of optimal proposers S and the market shares M as
well.

2.5 Equilibrium

Our results concern the equilibria of our models. A configuration of proposers p € [0, 1]" is a pure
(strategy) equilibrium if, by locating at p;, proposer ¢ maximizes her market share when the other
proposers locate at p_;. That is, for all proposers i and alternative locations p; € [0, 1],

M;i(p) > M;(p;, p—s).-

A mixed strategy allows a proposer to randomize her location independently of her peers. A
random configuration of proposers p is a mixed (strategy) equilibrium if, by randomizing her location
according to p;, proposer 7 maximizes her market share in expectation when the other proposers
randomize their locations according to p_;. That is, for all proposers ¢ and alternative locations
p; €[0,1],

EP[MZ(p)] > Epfi[Mi(p;?p*i)]'



SN N , ;

Di --> Pl Di --> Pl
— > Li(u,p) —=—= ,
Li(u,p)  d(u,p}) Di(p, p-i) d(u,p})
L(u ’ ) Li(uapgap—i) >
) apzap—z Dz(pgyp—z)
(a) Time to inclusion for a user at u < p; before and (b) Time to inclusion for a user at u > p; before and
after proposer i deviates to pj. after proposer i deviates to pj.

Figure 1: Time to inclusion does not change for users to the left of p; but decreases for users to the
right when proposer ¢ decreases her quorum radius. Arrows out of p; indicate the endpoints of p;’s
nearest quorum.

3 Results

In this section, we overview and provide intuition for our main results. In Section [3.I] we explain how
the desire to reduce one’s quorum radius dictates the location decisions of proposers. In Section
we discuss how weakening the influence of the quorum radius destabilizes co-location and promotes
geographic diversity, even when the identities of proposers and attesters coincide. For simplicity,
A = 0 throughout, that is, users are sophisticated and send their transactions to proposers who
minimize total latency.

3.1 Minimizing Quorum Radius Dictates Proposer Locations

Throughout Section 3.1, « = p = 1, i.e., there are no preconfirmation users and intervalidator
connections are no faster than public internet. Figure [I| contains the intuition for why a proposer ¢
benefits from reducing her quorum radius: she weakly reduces her total latency for all users, while
strictly reducing it for those she moves closer to. If this relocation does not reduce the quorum radii
of the other proposers, then it increases proposer i’s market share: for all users, only proposer i’s
total latency decreases. The relocation may therefore make her a latency-minimizing proposer for
a user for whom she was not one before, but it cannot cause her to lose this position for any user.
Section [B]in the appendix formalizes this argument.

3.2 Co-location

In this section, proposers also serve as attesters, so a proposer’s quorum radius is determined by
her distance to her m-th nearest proposer (including herself) where m = |2n/3] 4+ 1. That is,

D;(p) = mingcp,):|5|=m max;es d(pi, p;)
In this case, co-location is the unique pure equilibrium, up to location.

Theorem 3.1. Let o = u =1, i.e., there are no preconfirmation users and intervalidator connec-
tions are no faster than public internet. Suppose n > 4 and that the user distribution v has full
support. When proposers also serve as attesters, a configuration p of proposers is a pure equilibrium
if and only if p; = p; for all proposers i and j, that is, all proposers are co-located.
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Figure 2: In the sophisticated user model (A = 0) without attester-proposer separation, proposer
3 increases her market share by decreasing her quorum radius. Arrows indicate proposers who
determine another proposer’s quorum radius. Note that proposer 3 does not determine anyone
else’s quorum radius.

Section [C] in the appendix contains the full proof. We give an outline of the main ideas here.
That co-location at any location x is an equilibrium when there are at least four proposers essentially
follows from the triangle inequality: if a proposer locates elsewhere while the other proposers locate
at x, then she must forward any transaction sent to her to the cluster in order to collect a quorum
of votes. A user could instead send her transaction directly to the cluster, which consists of at
least a quorum of proposers and thus, has a quorum radius of 0. In other words, the cluster is
weakly preferred over the lone proposer by all users (and strictly by some). It follows that the lone
proposer’s market share cannot exceed that of co-locating with the clusterlr_z]

That proposers co-locate at any pure equilibrium requires significantly more effort to show. We
use a proposer’s desire to reduce her quorum radius without decreasing those of the other proposers
to show that only one class of non-co-located configurations can contain pure equilibria. Figure
illustrates the argument in the sophisticated user model: if proposer ¢ is not at the midpoint of
her nearest quorum, then there are users in the direction of the proposer that determines proposer
©’s quorum radius for which proposer ¢ does not minimize total latency. By reducing her quorum
radius without decreasing those of her peers, proposer i captures the users who only slightly favored
another proposer.

The class of non-co-located configurations that survive this argument place a third of the pro-
posers at one location, a third at another location, and the remaining third at the midpoint of the
two locations. We show that while a local deviation may not increase any proposer’s market share,
there is still a profitable deviation for some proposer. With no non-co-located configurations left,
it follows that the only pure equilibrium is co-location.

3.3 Attester-Proposer Separation

In this section, attesters and proposers are separate entities. For simplicity of presentation, we
center our exposition on the case in which k attesters are uniformly distributed throughout the unit
interval for now. That is, there is an attester at each of ap = ¢/(k — 1) for all ¢ € {0,...,k —1}. A
proposer’s quorum radius is determined by her distance to her nearest quorum of attesters. That
is,

D;(p)

= 1 d 7y .
sg[k]:|srg{lzk/3j+1r?ea§( (pi; )

12The reader may notice that this argument does not use any properties of the line. Indeed, co-location is an
equilibrium for any metric space.
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Figure 3: In the sophisticated user model (A = 0) with attester-proposer separation, proposer
4 increases her market share by locating at the nearest midpoint of an attester quorum, which
decreases her quorum radius. Triangles indicate attesters. The arrow indicates the attester that
determines proposer 4’s radius. x indicates the midpoints of the attester quorums, which consist of
6 (out of 8) attesters.

In this case, we show that proposers only locate at the midpoints of attester quorums at equilibrium.
Since each midpoint has the same quorum radius when the diameter of each attester quorum is the
same, a user then determines which proposer to send her transaction to based only on her latency
to each proposer. In particular, the quorum radius of a proposer does not influence this decision.

Theorem 3.2 (Informal; see Theorems and . Let o = p = 1. Suppose k > 4 attesters are
uniformly distributed along the unit interval, i.e., there exists an attester at each of £/(k — 1) for
0e{0,...,k—1}. If the user distribution v has full support and assigns sufficient mass to the left
and right tails beyond the outermost attester-quorum midpoints, then proposers only locate at the
midpoints of attester quorums at any pure equilibrium, and each user determines which proposer to
send to based only on her latency to each proposer. When A = 0, the set of pure equilibria in this
game coincides with the set of pure equilibria in a Hotelling game where the strateqy space of firms
18 restricted to these midpoints.

Figure [3] captures the main intuition behind Theorem [3.2] in the sophisticated user model. A
proposer always strictly increases her market share by reducing her quorum radius if her market
boundary in that direction is determined by another proposer (as opposed to the boundary of the
entire market). Unlike when proposers also serve as attesters, we need not require that the quorum
radii of the other proposers does not decrease: these quantities depend only on attester locations
and thus cannot be affected by another proposer’s relocation.

Theorem holds whenever each quorum of attesters has the same diameter, not just when a
finite number of attesters are located uniformly along the line. We use it to characterize the set of
pure equilibria in this case and when the distribution of attesters is continuous and uniform (which
approximates a large finite attester set). These characterizations are for a continuous and uniform
user distribution. See Section [F] for the proofs of these results and Theorem [3.2]

3.4 Weakening Influence of Quorum Radius Incentives Dispersion: Faster In-
tervalidator Connections and Preconfirmations

In this section, proposers serve as the attesters, so a proposer’s quorum radius is determined by
her distance to her m-th nearest (including herself) proposer where m = [2n/3] 4+ 1. Figure
demonstrates why co-location is not an equilibrium in the sophisticated user model when proposers
have access to faster connections to each other. A proposer who separates from an otherwise co-
located cluster can capture almost an entire side of the market. Any user for whom the lone proposer
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Figure 4: In the sophisticated user model (A = 0) without attester-proposer separation, proposer 1
becomes the unique proposer who minimizes time to inclusion for every user in [0, p1] when p < 1.

lies between her and the cluster strictly prefers routing through the line proposer: the two routes
cover the same total distance, but the final leg uses the faster intervalidator connection. The story
is similar when a fraction of the users determine who to send to based on time to preconfirmation
instead of time to inclusion. In both cases, the increased preference for closer proposers allows us
to bound the distance between a user and her closest proposer at equilibrium.

Theorem [D.1]. Suppose the number of proposers n > 4, and let p denote the ratio between the
latency per unit distance of the dedicated network and that of public internet. If the user distribution
has full support and no point masses, then co-location of all validators is not an equilibrium when
p < 1—2/n for all block times A > 0. This conclusion holds for ;1 < 1 when users are sophisticated
(A = 0). Moreover, when users are uniformly distributed, the (expected) distance between any user
and her nearest validator at any (mixed) equilibrium is at most

o (11;& . ( fma(Bju} | log(lmanx%Af‘m))) .

Theorem [E.I]. Suppose the number of proposers n > 4, and let a denote the fraction of users at
each location who care about time to inclusion. If the user distribution has full support and no
point masses, then co-location of all validators is not an equilibrium when « < 1 for all block times
A > 0. This conclusion holds for & < 1 —1/(n—1) when the users who care about time to inclusion
are sophisticated (A = 0). Moreover, when users are uniformly distributed, the (expected) distance
between any user and her nearest validator at any (mixed) equilibrium is at most

1+log(max{1,n(1—c)})
O ( max{1,n(1—-a)} ) ’

Al Usage

The authors used Claude and ChatGPT to work through examples, verify mathematical arguments,
aid with literature review, and generate figures. The exposition, model, results, and proofs are the
work of the authors. The authors take full responsibility of the content of this paper.

Acknowledgments

The authors are grateful to Michael Setrin for useful discussions.

13



References

[ABS25]

[ACCH04]

[ALP26]

[Bau00]

[BauO1]

[BEH26]

[BGR24|

[BK16]

[BM13]

[BPT18]
[DE24]

[DGK*20]

[dGTT79]

Kaya Alpturer, Kushal Babel, and Aditya Saraf. Timing games in responsive con-
sensus protocols. arXiw preprint arXiw:2510.25144, 2025.

Hee-Kap Ahn, Siu-Wing Cheng, Otfried Cheong, Mordecai Golin, and RenAl van
Oostrum. Competitive facility location: the voronoi game. Theoretical Computer
Science, 310(1):457-467, 2004.

Elliot Anshelevich, Jianan Lin, and Noah Prisament. Hotelling-downs withA#facility
synergy: The mall effect. In Ron Lavi and Jie Zhang, editors, Algorithmic Game
Theory, pages 156172, Cham, 2026. Springer Nature Switzerland.

Didier Baudewyns. Spatial competition within urban areas: Hotelling and bertrand
reconciled. Econometric Society World Congress 2000 Contributed Papers 1561,
Econometric Society, Aug 2000.

Didier Baudewyns. Urban public facility location, multipurpose trips and spatial
competition: equilibrium and welfare analysis. Nova SBE Working Paper Series
wp400, Universidade Nova de Lisboa, Nova School of Business and Economics, 2001.

Kushal Babel, Fatima Elsheimy, Lioba Heimbach, Mohammad Mussadiq Jalalzai,
Tobias Klenze, Jovan Komatovic, Jason Milionis, Mike Setrin, and Victor Shoup.
Cadence: Extreme pipelining with multiple concurrent proposers, 2026.

Maryam Bahrani, Pranav Garimidi, and Tim Roughgarden. Centralization in block-
building and proposer-builder separation. In Financial Cryptography and Data Secu-
rity: 28th International Conference, FC 2024, Willemstad, Curacao, March 4aASS,
2024, Revised Selected Papers, Part I, page 3314AS349, Berlin, Heidelberg, 2024.
Springer-Verlag.

Berno Biichel and Jan F. Klein. Restrictions in spatial competition: The effects on
firms and consumers. Homo Oeconomicus - Journal of Behavioral and Institutional
Economics, 33(1):157-172, 2016.

Ricardo Biscaia and Isabel Mota. Models of spatial competition: A critical review.
Papers in Regional Science, 92(4):851-871, 2013.

Omer Ben-Porat and Moshe Tennenholtz. Multi-unit facility location games, 2018.

Zvi Drezner and H.A. Eiselt. Competitive location models: A review. FEuropean
Journal of Operational Research, 316(1):5-18, None 2024.

Philip Daian, Steven Goldfeder, Tyler Kell, Yunqi Li, Xueyuan Zhao, Iddo Bentov,
Lorenz Breidenbach, and Ari Juels. Flash boys 2.0: Frontrunning in decentralized
exchanges, miner extractable value, and consensus instability. In 2020 IEEE Sym-
posium on Security and Privacy (SP), pages 910-927, 2020.

C. d’Aspremont, J. Jaskold Gabszewicz, and J.-F. Thisse. On hotelling’s "stability
in competition". Econometrica, 47(5):1145-1150, 1979.

14



[APGPTS85)

[Eco84]

[Eco86]

[EL75]

[EL79)

[ELS2]

[Ewel5]

[FHMT26|

[Foul9|

[FS19

[GBE*18]

[GNR25]

[Gra82]

[GT92]

[Haks3]

[Hay76]

A. de Palma, V. Ginsburgh, Y. Y. Papageorgiou, and J.-F. Thisse. The princi-
ple of minimum differentiation holds under sufficient heterogeneity. FEconometrica,
53(4):767-781, 1985.

Nicholas Economides. The principle of minimum differentiation revisited. European
Economic Review, 24(3):345-368, April 1984.

Nicholas Economides. Minimal and maximal product differentiation in hotelling’s
duopoly. Economics Letters, 21(1):67-71, 1986.

B. Curtis Eaton and Richard G. Lipsey. The principle of minimum differentiation
reconsidered: Some new developments in the theory of spatial competition. The
Review of Economic Studies, 42(1):27-49, 01 1975.

B. Curtis Eaton and Richard G. Lipsey. Comparison shopping and the clustering of
homogeneous firms. Journal of Regional Science, 19(4):421-435, 1979.

B. Curtis Eaton and Richard G. Lipsey. An economic theory of central places. The
Economic Journal, 92(365):56-72, 1982.

Christian Ewerhart. Mixed equilibrium in a pure location game: The case of n > 4
firms. The B.E. Journal of Theoretical Economics, 15(2):457-472, 2015.

Rafael Frongillo, Melody Hsu, Mary Monroe, and Anish Thilagar. Equilibria in large
position-optimization games, 2026.

Gaétan Fournier. General distribution of consumers in pure hotelling games. Int. J.
Game Theory, 48(1):334AS59, March 2019

GaAntan Fournier and Marco Scarsini. Location games on networks: Existence and
efficiency of equilibria. Mathematics of Operations Research, 44(1):pp. 212-235, 2019.

Adem Efe Gencer, Soumya Basu, Ittay Eyal, Robbert van Renesse, and Emin Giin
Sirer. Decentralization in bitcoin and ethereum networks. In Financial Cryptography
and Data Security: 22nd International Conference, FC 2018, Nieuwpoort, Curacao,
February 26 GAS March 2, 2018, Revised Selected Papers, page 439aAS457, Berlin,
Heidelberg, 2018. Springer-Verlag.

Pranav Garimidi, Joachim Neu, and Max Resnick. Multiple concurrent proposers:
Why and how. Cryptology ePrint Archive, Paper 2025/1772, 2025.

Dominique Graitson. Spatial competition a la hotelling: A selective survey. Journal
of Industrial Economics, 31(1-2):13-25, September 1982.

Jean J. Gabszewicz and Jacques-FranAgois Thisse. Chapter 9 location. volume 1
of Handbook of Game Theory with Economic Applications, pages 281-304. Elsevier,
1992.

S.Louis Hakimi. On locating new facilities in a competitive environment. Furopean
Journal of Operational Research, 12(1):29-35, 1983.

D. A. Hay. Sequential entry and entry-deterring strategies in spatial competition.
Ozford Economic Papers, 28(2):240-257, 1976.

15



[Hot29]

[1T98]

[KN82|

[Kon05]

[KP12]

[KRSW26]

[LVMEMV22]

[LWZ25)

[MELV 18]

[MELV20]

[MGZJ26]

[MJ23]

[MMR23]

[MMRZ22]

[MVMLVE23]

[Nakog]
[Nev87]

Harold Hotelling. Stability in competition. The Economic Journal, 39(153):41-57,
1929.

Andreas Irmen and Jacques-FranAgois Thisse. Competition in multi-characteristics
spaces: Hotelling was almost right. Journal of Economic Theory, 78(1):76-102, 1998.

FElon Kohlberg and William Novshek. Equilibrium in a simple price-location model.
Economics Letters, 9(1):7-15, 1982.

Hideo Konishi. Concentration of competing retail stores. Journal of Urban Eco-
nomics, 58(3):488-512, 2005.

Dominik Kress and Erwin Pesch. Sequential competitive location on networks. Eu-
ropean Journal of Operational Research, 217(3):483-499, None 2012.

Quentin Kniep, Max Resnick, Jakub Sliwinski, and Roger Wattenhofer. Solana
constellation: Fair internet capital markets. White paper, Anza, March 2026.

Armin LAijer-Villagra, Vladimir Marianov, H.A. Eiselt, and Gonzalo Mendez-Vogel.
The leader multipurpose shopping location problem. Furopean Journal of Opera-
tional Research, 302(2):470-481, None 2022.

Amit Levy, S. Matthew Weinberg, and Chenghan Zhou. Analyzing the economic
impact of decentralization on users, 2025.

Vladimir Marianov, H.A. Eiselt, and Armin LAijer-Villagra. Effects of multipurpose
shopping trips on retail store location in a duopoly. Furopean Journal of Operational
Research, 269(2):782-792, 2018.

Vladimir Marianov, H. A. Eiselt, and Armin LAijer-Villagra. The follower competi-
tive location problem with comparison-shopping. Networks and Spatial Economics,
20(2):367-393, June 2020.

Shashank Motepalli, Naman Garg, Gengrui Zhang, and Hans-Arno Jacobsen. Gpos:
Geospatially-aware proof of stake. ACM Trans. Web, 20(1), February 2026.

Shashank Motepalli and Hans-Arno Jacobsen. Analyzing geospatial distribution in
blockchains, 2023.

Jason Milionis, Ciamac C. Moallemi, and Tim Roughgarden. Automated market
making and arbitrage profits in the presence of fees, 2023.

Jason Milionis, Ciamac C. Moallemi, Tim Roughgarden, and Anthony Lee Zhang.
Automated market making and Loss-Versus-Rebalancing, 2022.

Gonzalo Mendez-Vogel, Vladimir Marianov, Armin Luer-Villagra, and H.A. Eiselt.
Store location with multipurpose shopping trips and a new random utility customer-
sAcaCnaDé choice model. European Journal of Operational Research, 305(2):708—
721, None 2023.

Satoshi Nakamoto. Bitcoin: A peer-to-peer electronic cash system. 2008.

Damien J. Neven. Endogenous sequential entry in a spatial model. International
Journal of Industrial Organization, 5(4):419-434, 1987.

16



[NS16]

[NS17]

[OKK24]

[OKV+23]

[OPS6]
[OPS87]
[PV77]

[RMBK26]|

[SBFG21]

[Sha82]
SL17]
[Smi41]

[SSST+23]

Matfas Nunez and Marco Scarsini. Competing over a finite number of locations.
Economic Theory Bulletin, 4(2):125-136, 2016.

Matias Nunez and Marco Scarsini. Large Spatial Competition, volume None of
Springer Optimization and Its Applications, chapter None, pages 225-246. Springer,
none edition, August 2017.

Christina Ovezik, Dimitris Karakostas, and Aggelos Kiayias. Sok: A stratified ap-
proach to blockchain decentralization. In Financial Cryptography and Data Security:
28th International Conference, FC 2024, Willemstad, Curacao, March 46AS8, 2024,
Revised Selected Papers, Part I, page 1288AS155, Berlin, Heidelberg, 2024. Springer-
Verlag.

Burak Oz, Benjamin Kraner, Nicolo Vallarano, Bingle Stegmann Kruger, Florian
Matthes, and Claudio Juan Tessone. Time moves faster when there is nothing you
anticipate: The role of time in mev rewards. In Proceedings of the 2028 Workshop
on Decentralized Finance and Security, DeFi 23, page 1aAS8, New York, NY, USA,
2023. Association for Computing Machinery.

Martin J. Osborne and Carolyn Pitchik. The nature of equilibrium in a location
model. International Economic Review, 27(1):223-237, 1986.

Martin J. Osborne and Carolyn Pitchik. Equilibrium in hotelling’s model of spatial
competition. Econometrica, 55(4):911-922, 1987.

Edward C. Prescott and Michael Visscher. Sequential location among firms with
foresight. The Bell Journal of Economics, 8(2):378-393, 1977.

Marc Roeschlin, Evangelos Markakis, Raghav Bhaskar, and Aggelos Kiayias. Incen-
tivizing geographic diversity for decentralized systems. Cryptology ePrint Archive,
Paper 2026/758, 2026.

Ashish Rajendra Sai, Jim Buckley, Brian Fitzgerald, and Andrew Le Gear. Taxon-
omy of centralization in public blockchain systems: A systematic literature review.
Information Processing & Management, 58(4):102584, 2021.

A. Shaked. Existence and computation of mixed strategy nash equilibrium for 3-firms
location problem. The Journal of Industrial Economics, 31(1/2):93-96, 1982.

Balaji S. Srinivasan and Leland Lee. Quantifying decentralization. Medium, 2017.
Accessed: September 14, 2026.

A. Smithies. Optimum location in spatial competition. Journal of Political Economy,
49(3):423-439, 1941.

Caspar Schwarz-Schilling, Fahad Saleh, Thomas Thiery, Jennifer Pan, Nihar Shah,
and Barnabé Monnot. Time Is Money: Strategic Timing Games in Proof-Of-Stake
Protocols. In Joseph Bonneau and S. Matthew Weinberg, editors, 5th Conference on
Advances in Financial Technologies (AFT 2023), volume 282 of Leibniz International
Proceedings in Informatics (LIPIcs), pages 30:1-30:17, Dagstuhl, Germany, 2023.
Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik.

17



[Thi92| Jean-Claude Thill. Spatial duopolistic competition with multipurpose and multistop
shopping. The Annals of Regional Science, 26(3):287-304, September 1992.

[TV88| Jacques-Francois Thisse and Xavier Vives. On the strategic choice of spatial price
policy. The American Economic Review, 78(1):122-137, 1988.

[TW92] Jacques-FranAgois Thisse and David E. Wildasin. Public facility location and urban
spatial structure: Equilibrium and welfare analysis. Journal of Public Economics,
48(1):83-118, 1992.

[WEY*24] Anton Wahrstiitter, Jens Ernstberger, Aviv Yaish, Liyi Zhou, Kaihua Qin, Taro
Tsuchiya, Sebastian Steinhorst, Davor Svetinovic, Nicolas Christin, Mikolaj Bar-
czentewicz, and Arthur Gervais. Blockchain censorship. In Proceedings of the ACM
Web Conference 2024, WWW 24, page 1632aA51643, New York, NY, USA, 2024.
Association for Computing Machinery.

[YNZ25] Sen Yang, Kartik Nayak, and Fan Zhang. Decentralization of ethereum’s builder
market. In 2025 IEEE Symposium on Security and Privacy (SP), pages 1512-1530,
2025.

[YOWZQG] Sen Yang, Burak Oz, Fei Wu, and Fan Zhang. Geographical centralization resilience
in ethereum’s block-building paradigms. Proc. ACM Meas. Anal. Comput. Syst.,
10(2), May 2026.

[AWC+26] Burak AUz, Fei Wu, Luis Correia, Sen Yang, Bruno Mazorra, and Stefanos Leonar-
dos. The price of decentralization in block building, 2026.

A Extended Related Work

A.1 Hotelling Spatial Competition

In the classic Hotelling model, a continuum of consumers is uniformly distributed along the unit
interval, and each firm chooses its location to maximize the fraction of consumers who visit it.
Each consumer visits her closest firm (tie-breaking at random). [Hot29| considers a duopoly and
observes that both firms locate at 1/2 at equilibrium, giving rise to the highly influential “principle
of minimum differentiation.”

[EL75] studies the same model and characterizes the set of equilibria when there are at least
four firms. A profile of firm locations is an equilibrium if and only if peripheral firms are paired
and no firm’s market share is smaller than another firm’s half-market. A firm’s half-market refers
to either the consumers to its left that visit it or those to its right who do so. A firm is peripheral
if it is closest to the market’s boundary.

This characterization yields the following equilibrium configurations. With four firms, two firms
locate at each of 1/4 and 3/4. With five firms, two locate at each of 1/6 and 5/6, while the remaining
firm locates at 1/2. With n > 6 firms, equilibria are no longer unique. One such equilibrium places
firms at each of (2k—1)/(2(n—2)) for all k € [n—2], with two firms at each outermost location and
a single firm at each interior location. That is, contrary to the principle of minimum differentiation,
firms at equilibrium in the classic Hotelling model are in fact spread out. This model offers a
theoretical foundation for the claim that validator spread out if users prefer closer validators.
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A pure strategy equilibrium does not exist when there are exactly three firms. At the unique
symmetric mixed strategy equilibrium, each firm locates uniformly at random between 1/4 and 3/4
[ShaSZ]Fj In general, the symmetric mixed equilibrium approaches the distribution of consumers
as the number of firms increases [OP86].

There has since been a long line of work on Hotelling games and its variants. [Ewel5| studies
mixed equilibria in the classic model with a finite number of firms. [Foul9, [FS19, INS16] INS17]
study Hotelling games over finite locations and equilibria in large markets. [BK16] studies Hotelling
games in which the strategy space of each of two firms is restricted to an interval.

These works loosely relate to the equilibrium characterizations we obtain in our attester-proposer
separation model but do not imply them. More specifically, the restriction to finite locations in the
case of finite uniformly distributed attesters and an interval in the case of a uniformly distributed
continuum of attesters is endogenous in our model, whereas it is exogenous in prior work. That
proposers restrict themselves to particular locations in our model, which then induces Hotelling
dynamics over these locations, is our key insight, and the bulk of the work consists of demonstrating
this fact. Even with this fact in hand, our characterizations still do not follow from the existing
literature, which, as mentioned earlier, focuses on large markets, duopolies, or price of anarchy
(PoA).

Other work includes location-price games in which firms set prices after choosing locations
[dGTT9. [Eco’4, [Eco86l, TT98|, [KNR]2, [OPRT, dPGPTS5, [Smidll TVSS], sequential games [ACCT04,
Hak83|,[Hay 76|, Nev87, [PV7T7], and games in which each firm has multiple facilities to locate [BPT18].
We refer the reader to [BM13| [DE24) [GT92| [Gra82] for surveys of spatial competition and compet-
itive facility location and to [KP12] for a survey of sequential competitive location problems.

A.2 Attractiveness and Other Firms

When validators serve as both attesters and proposers, a validator’s attractiveness depends on the
locations of other validators. This feature also appears in several models of spatial competition,
although in different forms.

[EL79, [EL82, LVMEMV22, MELV20, MELV18, MVMLVE23| [Thi92| study retail location under
multipurpose or comparison shopping. In models of multipurpose shopping, consumers purchase
products from multiple firms in a single trip. In models of comparison shopping, they visit multiple
sellers of substitute products before settling on where to purchase. In either case, a consumer’s
choice depends on the cost of the entire trip. As a result, she may forego visiting a nearby firm
in favor of visiting a group of firms that can be visited together at lower total cost. This creates
an incentive for firms to locate near one another, although whether and how strongly they do so
depends on how consumers trade off transportation costs against the benefits of visiting additional
firms. Complete co-location of all firms is generally not an equilibrium of these models.

When validators serve as both attesters and proposers, our models and conclusions most closely
resemble those from this line of work. However, these models do not capture the problem studied in
this paper, so the degree to which their insights apply is unclear. In particular, trips in these models
are generally limited to a small number of firms, which is sometimes endogenously determined.
Moreover, a consumer’s transportation cost sums the costs of the individual legs of her trip, whereas
a validator’s propagation latency has a min-max structure and only depends her distance to the
furthest member of her nearest quorum. Thus, while the literature on multipurpose and comparison
shopping may provide useful intuition, it is unclear whether it yields qualitative predictions beyond
those offered by intuitions already held by the blockchain community.

13 A pure strategy chooses a location deterministically, while a mixed strategy allows this choice to be random. An
equilibrium is symmetric if each firm locates according to the same strategy.
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There are also models in which a firm’s attractiveness depends on the locations of other firms
but through mechanisms other than its distance from them. In [Kon05|, firms have a finite number
of locations to choose from, and consumers are uncertain about the utility of visiting certain firms.
Consumers prefer locations with many firms because it increases the chance of a desirable outcome.
Firms are therefore incentivized to co-locate. The mechanism incentivizing firms to co-locate in
[ALP26] is more direct: a consumer’s transportation cost to a location is given by her distance to
it, divided by the number of firms that exactly locate there.

A.3 Attractiveness and Fixed Spatial Features

When proposers propagate to attesters instead of their peers, a proposer’s attractiveness depends
on the locations of fixed spatial features, namely, attesters. [Bau00, [Bau0ll TW92| have a similar
flavor but differ significantly in model and scope.

[Bau00] studies the influence of urban amenities on the location and pricing decisions of two
firms. When deciding which firm to visit, a consumer weighs her utility for the firm’s product and
the urban amenities available at the firm’s location against transportation costs, which are quadratic
in distance. Consumers have an exogenous common value for the amenities at each location. [Bau00]
considers two value functions: a triangular value function that peaks at the midpoint and a value
function that linearly increases toward one end of the market. Broadly speaking, the conclusion
is that when transportation costs are low (relative to consumers’ value for amenities), both firms
prefer to locate with the most valuable amenities; when transportation costs are high, they prefer
to spread outE

While one could define a common value function for amenities that coincides with each location’s
quorum radius in our attester-proposer separation model, its shape may not correspond to the two
considered by [BauOO]E Moreover, [Bau00] studies a game with two firms, quadratic transportation
costs, and a pricing component, whereas our game has an arbitrary number of proposers, linear
transportation costs, and no pricing component.

[BauO1, [TW92] study the effect that a single public facility has on the location (and in the
case of [Bau0l], pricing) decisions of two firms. The model of [BauOl] resembles that of [Bau00].
The difference is that instead of urban amenities, there is a single public facility whose location is
exogenously determined. A consumer who visits a firm located at the public facility can also obtain
the value of the public service on the same trip. If consumers weigh transportation costs much more
than the value of the public service, then the two firms locate at opposite ends of the market; much
less, then both locate at the public facility. When the weight of these two factors are roughly equal,
one firm locates at the facility, while the other locates at the boundary of the market. [TW92]
fixes prices and endogenizes consumer location through a competitive land market. With linear
transportation costs, the authors find that the public facility can attract both firms, although the
exact equilibrium configuration depends on the parameters of the model, e.g., how much consumers
weigh transportation costs against the value of the public service, and the location of the public
facility.

[FHMT26] proposes a general class of games called position-optimization games that have
Hotelling games and forecasting competitions as special cases. A position-optimization game con-
sists of players choosing positions in X to capture targets in ) that are distributed according to
some distribution. The game comes equipped with a proximity function that takes as input position-

1411 the classic location-price game with quadratic transportation costs, the two firms prefer to locate further away
from each to soften price competition [dGT79].

15The attester distributions that correspond to triangular and linear value functions have all attesters located at
the midpoint and the boundary, respectively.
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target pairs. A player captures a target if her chosen position minimizes proximity to the target
among all players. Define the set of pseudo-targets as the positions that minimize proximity to
some target. The authors show that players will only choose among these positions in equilibrium if
the following two conditions hold: each target has a unique position that minimizes proximity and
the number of pseudo-targets is finite.

While this model contains our attester-proposer separation model as a special casem neither of
the two conditions required for their conclusion hold in our setting, so [FHMT26| does not imply our
results.lzl Their reduction to a game over pseudo-targets relies on the possibility that each pseudo-
target is chosen by some player, so their finite-ness condition is fundamental to their approach@
In our model, the number of pseudo-targets can be uncountably infinite. We nonetheless show
that proposers restrict themselves to the midpoints of attester quorums when the diameter of each
quorum is the same.

A.4 Geographic Decentralization

IMGZJ26, RMBK26] propose mechanisms to incentivize geographic decentralization: the former
adjusts a validator’s voting power based on her contribution to the network’s geographic diversity,
while the latter rewards nodes for verifiably reporting and diversifying their locations. [MJ23] show
that geographically isolated validators may be mistaken for faulty nodes and penalized because net-
work latency reduces their participation in consensus. They propose exempting verified geographic
minorities from such penalties.

[YOWZ26| studies the geographic incentives of validators under Ethereum’s single-proposer
protocol design. They find that regardless of whether validators build their own blocks (local
building) or outsource block construction (external building), they are incentivized to co-locate
with payoff-relevant parties to minimize propagation latencies. The payoff-relevant parties are
information sources when validators build their own blocks and builders and relays when they
outsource block construction.

To promote geographic decentralization, the authors propose reducing the single proposer’s
monopoly power, attenuating reward sensitivity to timing advantages, and diversifying suppliers,
relays, builders, and information sources. Increasing Ethereum’s attestation threshold strengthens
co-location incentives when validators outsource block construction but can weaken these incentives
when validators build their own blocks. The reason is that a higher attestation threshold forces
validators to balance their proximity to information sources against their proximity to a wider range
of attesters. Meanwhile, shorter block times did not weaken co-location incentives.

B Quorum Radius

In this section, we establish some facts regarding the influence of quorum radius on user preference.
To begin, we remind the reader of the relevant notation.

1. Li(u,v) = d(u,v;) + p - Di(v) denotes the time to inclusion for a user at u who sends to
proposer i. Recall that p € [0, 1] represents the faster intervalidator connections.

YTake X = Y = [0,1] and proximity to be the sum of two terms: the distance between the user (target) and the
location (position) and the location’s quorum radius. Also, note that because the proximity function cannot depend
on the positions of other players, our model for validators that both attest and propose is not captured.

'"When the attester distribution is uniform and continuous, not only do some users have uncountably many
proximity-minimizing locations, but also the set of pseudo-targets ends up being the entire market.

'8To apply the results of [FHMT26] to Hotelling games, either the set of locations available to firms or the number
of consumers is assumed to be finite.
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2. S(u,v) = argmin; L;(u,v) denotes the set of proposers who minimize the time to inclusion
for location wu.

3. Sr(u,v) = argmin;[(L;(u,v) + 7)/A] denotes the set of proposers who can first include a
transaction sent from u at time 7 in a block.

4. Proposer i’s share of users at location v and total market share are given by

A
1(i € Sr(u,v))
M;(v M;(
(u,v) A/ 5w )] dr and / (u,v)dv(u),

respectively. Recall that the users are distributed according to the probability measure v.
We will also need the following new notation.

1. Let Aj(u,v) = L;j(u,v)—min; L;(u, v) denote how much longer it takes proposer ¢ to propagate
a transaction from location u compared to her optimal proposer.

2. Let Uij(v) = {u : i € S(u,v)} denote the set of users whose latency-minimizing proposers
include proposer 1.

First, a basic fact about the continuity of a user’s minimum inclusion latency and her latency-
minimizing proposers.

Lemma B.1. min; L;(u,v) and S(u,v) are continuous and upper-hemicontinuous, respectively, in
u.

Proof. Follows from the continuity of L;(u,v) in v and the maximum theorem. O O

B.1 Some Structural Lemmas

The lemmas in this section are useful for getting intuition for the model. The next lemma says that
the locations for which proposer ¢ minimizes time to inclusion forms a closed interval that contains
her location.

Lemma B.2. If D;(v) — D;(v) < d(v,v;) for all proposers i and j, then
1. U;(v) is a closed interval containing v;.
2. If the interval (v;,v;) contains no validators, then U;(v) NU;j(v) # @
3. If u < 1, then S(v;,v) = {j : vj = v;}.
Proof. That v; € U;(v) essentially follows from the triangle inequality. For any other proposers j,

Li(vi,v) < p- Di(v)
< - (d(vi,vj) + Dj(v))
< Lj(vi,v) (1 €10,1])
Note that if 41 < 1 and v; # vj, then the third inequality is in fact strict, so S(vs,v) = {j : v; = v;}.

Now, let @ = minU;(v) and b = max U;(v) denote the left- and rightmost users whose most
preferred proposers includes proposer i. Note that these users exist because U;(v) is non-empty and
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S(u,v) is upper-hemicontinuous in u for fixed v. We show that v; € S(u,v) for all u € [a,b]. First,
consider u € (a,v;).

Li(avv) = d(a)vi) e DZ(U) = d(avu) + d(uvvi) T Dl(v) = d(aa U) + Li(“?”)
Since proposer i is optimal for a user at a, we have that
Li(a7v) < d(av ’Uj) e Dj(v) < d(aau) + d(u?vj) T Dj(v) = d(a7u) + Lj(u,’U)

for all other proposers j. Thus, proposer i is optimal for a user at u € (a,v;) as well. The same
argument yields the same conclusion for users in (v;, b).

To see the final part of the lemma, suppose the (v;, vj) contains no proposers, but U;(v)NU;(v) =
@. In other words, b; < aj where b; = max U;(v) and a; = min Uj(v). Consider u € (b;, a;) and any
proposer k € S(u,v). Note that vy € [0,v;) U (v, 1]. If v < v;, then

Lk(u7 U) = d(ua ’Uk) + e Dk(v)
= d(u,v;) + d(vi, v) + p - Di(v)
> d(u,v;) + p - Di(v)
=L; (’LL, U)
where the inequality follows from g < 1 and the triangle inequality, contradicting the fact that

u & U;(v) A nearly identical argument with proposer j yields a contradiction to the fact that
u € Uj(v) when vi, > v; instead. O O

Lemma B.3. Let v denote a configuration of proposers. If i < 1 andv; # vj;, then U( )OU (v) =
where S denotes the interior of a set S. That is, the market shares of proposers at distinct locatzons
(essentially) partition the unit interval.

Proof. Suppose by way of contradiction that there exists u € U;(v) N U;(v), so Li(u,v) = L;(u,v).
Without loss of generality, let v; < v;. Note that by Lemma - it cannot be the case that either
u < w; or vj < u since the former would imply that v; € U;(v ), while the latter that v; € U; (v).
Thus, v; < u < vj. Since u € U;(v )ﬂU( ), thereex1stsw6U( )ﬂU( ) such that v; < w < w.
But note that

)
)
,u) + Li(u,v) (u € Us(v) NU;(v))
)
)

contradicting the fact that w € U;(v) N ﬁj(v) (in which case L;(w,v) = Lj(w,v)). O O

The next lemma provides a useful market share identity.

A1(j € Sp(u 1(j € Sr(u,v)) 1A 1
dr = — - ds
A [Se(uv)| A Jiinga, (uw),ay {71 Ai(u,v) < s}
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Proof. Let
s(r)=A- [(miin Li(u,v) +71)/A] — (miin Li(u,v) + 1),

and note that
ke Sr(u,v) <= (Lg(u,v)+71)/A < ((miin Li(u,v) +7)/A]
— Ag(u,v) < s(1),

5 1(j € Sr(u,0)  1(A;(u,v) < s(1))

Se(u,v)l i Aiu,v) < s(7)}

To complete the change of variable, note that

s(r) = A-[L*/A] = (L*+71) T€[0,A-[L*/A] — L*
A ([L*/AT+1)— (L*+7) Te (A [L*/A] - L* A).
where L* = min; L;(u, v). O O

B.2 Minimizing Quorum Radius Is Profitable

The following lemma is the driving force behind our main results. It says that a deviation that de-
creases one’s quorum radius without decreasing those of other proposers is always weakly profitable.
The lemma also provides conditions for which such a deviation is strictly profitable. The argument
for strict profitably depends on the exact definition of quorum radius, i.e., whether proposers prop-
agate to other proposers or to a disjoint set of attesters, and will be carried out in their respective
sections.

Lemma B.5. Suppose p = 1. Let the probability measure v denote the distribution of users, and
let v denote a configuration of proposers. If there exists a location v} # v; such that

1. Dj(v;,v—;) = Di(v) — d(vi, vj)

2. Dj(vi,v—;) > Dj(v) for all j # 1,

that is, it is possible for proposer i to strictly decrease her own quorum radius without decreasing
those of her opponents, then M;(v},v_;) > M;(v). Moreover, if vi > v;, then equality holds only if
for v-almost every u € (v;, 1],

1. Aj(u,v) =0 and Aj(u,v) > A for all j # i if 5(u) <0 or
2. Aj(u,v) > A+n(u) if 6(u) >0
where

6(”) = min Lj (ua ’Uzl‘v U—i) — min Lj(ua U)
J J

n(u) = 2d(u,v;)  w € (v,0))
2d(vi,v}) we v, 1].

If v} < v;, then the necessary condition is symmetrically defined.

24



Proof. Assume without loss of generality that v > v;, that is, v} lies to the right of v;. The
conditions on the deviation imply that if 6(u) < 0, then S(u,v),v_;) = {i}. We compare (the
vectors) A(u,v) and A(u,v},v_;). For all users u € [0, 1] and proposers k # i,

Ag(u,v) = L(u,v) — min L;(u, v)
J

< Li(u, v}, v—;) — min L;(u, v}, v_;) + 6(u)
J

- Ak(U,UZ,’U )+5( )

where the inequality follows from the second condition on the deviation. Meanwhile, for users
u € [0, Ui],

Li(u,v) = d(u, vi) + D;(v)
= d(u,v;) + d(vi, v}) + D;(vi,v—;)
(u v;) + D; (v v_;)

Li(u, v}, v_
where the second equality follows from the first condition on the deviation, so

Ai(u,v) = Li(u,v) = min Ly, v)
(

L;(u,vj,v_;) — min L;(u, vj,v_;) + 6(u)
J

A (u, vh,v_) + 6(u).

LA

(
Moreover, §(u) > 0 since Ly (u,v},v_;) > Li(u,v) for all proposers k, with equality for proposer i.

sy Y
It follows that for users u € [0, v;],

Mi (ua Uz/'7 U*i)

A 1
. / ds
min{A;(u,v],v_;),A} ‘{] (U,UZ,’U ) < 8}|

A%

A 1
. / ds
min{A;(u,v)—d(u),A} ‘{.7 (u ’U) S s+ 5( )}’

A+6(u) 1
: ds change of variable
/mm{A (), A5y 1T 1 Aj(u,v) < s} ( )

. /A L ds (8(u) > 0)

min{A;(u,v),A} |{.7 (u U) < S}|

i(u,v).

Now, for users u € (vj, 1], we have that

v

Li(u,v) = d(u, vi) + Di(v)
= d(u,v;) + d(v;, v}) + D;(vi,v_;) (first condition)
d(u,v;) + Di(v;, v-3) + n(w)

v
Z(uv vza v— ) + 77(“),
SO

Ai(u,v) = Li(u,v) — min Lj(u, v)
J
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= Li(u,v},v_;) — mjinL i (u, vf,v_g) + 0(u) + n(w)
=4 (u,vz,v i) + 0(u) +n(u).
If 6(u) < 0, then S(u,v,v_;) = {i}, so

7@7

6(w) +n(u) = (min L (u, vj, v—;) — min Lj(u, v)) = (Li(u, vi, v-) = Li(u, v)

= Az(u7 U)
> 0.
It follows that
Mi(uv Vi, UV— Z)
min{A; (u,0) =5 (u)—n(u),A} 117+ A (u, vj,v—;) < s}
A 1
> . / ds
min{A; (u,0)—(uw)—n(w),A} 117 7 10 Aj(u,v) < s+6(u)b|+1
A-+8(u)-+1(u) ]

ds  (change of variable)

in{A;(u,v),A+8(u)+n(u)} |{j 7& i Aj(uﬂ}) <s-— U(U)H +1

1
SR

A 1 5
> 5 /rnin{Mu,v),A} GZi 5w <s 1% (Ou) +7u) 2 0)
Lo ! (n(w) > 0)
A Jomianuay G A 0) <sH !
= M;(u,v).

Equality in the second-to-last inequality holds only if A;(u,v) = 0. Conditioned on this equality,
equality in the final inequality holds only if Aj(u,v) > A for all j # i. In other words, when
d(u) <0, Mi(u,v},v—;) = M;(u,v) only if Aj(u,v) =0 and Aj(u,v) > A for all j # i. On the other

hand, if §(u) > 0, then

M;(u, vg, v—)
g 1
A JimingA; (u)—s(w)—n(u),a} {7+ Aj(u, vj,v—;) < s}
1 [A 1 q
— s
A min{A;(u,v)—8(u)—n(u),A} ‘{J Fi: ( ,’U) < s+ 6(”)}‘ +1
Lo ! d (change of variable)
— s change of variable
A min{A;(u,v)—n(uw),A+5(u)} ‘{j 752 (u U) <8}|+1
1 min{A;(u, v) A} 1 s (5( ) 0)
> — u) >
A min{A;(u,v)— A}H]#Z (u U)<S}|+1 B
1A 1
vy s
A min{A;(u,v),A} ’{j (u ’U) < 3}‘
> M;(u,v) (with equality only if A;(u,v) > A+ n(u))
with equality only if A;(u,v) > A+ n(u). O O
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C Co-location

In this section, we show that when validators both attest and propose, a configuration v is a pure
equilibrium if and only if v; = v; for all proposers ¢ and j, that is, all validators are co-located.
Throughout, & = p = 1. In other words, all users care about time to inclusion, and validators do
not have access to faster connections.

Theorem C.1. Suppose n > 4 and that the user distribution v has full support. A configuration
v of walidators is a pure equilibrium if and only if v; = v; for all validators i and j, that is, all
validators are co-located.

We remind the reader of the model and the relevant notation for this section.

L. D;(v) = mingcp):|s|=m MaX;es d(v;, v;) where m = |[2n/3] + 1 denotes the quorum radius.

2. Li(u,v) = d(u,v;) + D;(v) denotes the time to inclusion for a user at u who sends to validator
1.

3. S(u,v) = argmin; L;(u,v) denotes the set of validators who minimize the time to inclusion
for location wu.

4. S;(u,v) = argmin;[(L;(u,v) + 7)/A] denotes the set of validators who can first include a
transaction sent from u at time 7 in a block.

5. Validator ¢’s share of users at location u and total market share are given by

(u, v) A/ Z’SGSUU”))dT and  M;(v /Muvdy()

respectively.

6. Aj(u,v) = Lij(u,v) —min; L;(u,v) denotes how much longer it takes validator i to propagate
a transaction from location u compared to her optimal validator.

7. Ui(v) = {u:i € S(u,v)} denotes the set of users whose latency-minimizing validators include
validator <.

C.1 Proof Overview

We first show that co-location of all validators at any location is an equilibrium. The proof is
straightforward and essentially follows from the triangle inequality. Consequently, the result holds
for all metric spaces, not just the unit interval.

Demonstrating that all validators co-locate at any pure equilibrium requires much more technical
heavy-lifting. We first appeal to Lemma [B.5] to show that any local deviation that decreases a val-
idator’s quorum radius without decreasing those of her peers is strictly profitable (see Lemma.
This rules out almost all validator configurations except those that take on a certain structure.
These problematic configurations all have n — m + 1 validators at each of two points and the re-
maining validators at the midpoint. We show that while these configurations are immune to local
deviations, a validator in one of the (n — m + 1)-sized clusters strictly profits from re-locating to
the midpoint (see Lemma . The proof is a brute-force computation of market shares.
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C.2 Proof of Theorem
C.2.1 Sufficiency Of Co-location

Theorem C.2. Letn > 4, and let v denote a configuration of validators. If v; = v; for all proposers
i and j, then v is an equilibrium. This result holds for all metric spaces.

Proof. Each validator has market share 1/n at v. Consider validator i’s market share if she deviates

to v] # v;. We abuse notation and let L_; and v_; denote the time to inclusion and location,

respectively, of the remaining validators. For all locations u, L_;(u,v},v_;) = d(u,v_;) since n >

m + 1 when n > 4. Meanwhile, L;(u,v},v_;) = d(u,v}) + d(v},v_;) > L_;(u, v}, v_;) = d(u,v_;) by

’ e

the triangle inequality. It follows that M;(u,v},v_;) < 1/n for all u (so M;(v},v_;) <1/n). O O

s Yo

C.2.2 Necessity Of Co-location

Lemma C.3. U;(v) is a closed interval containing v;. Moreover, if the interval (v;,v;) contains no
validators, then U;(v) NU;(v) # @.

Proof. By Lemma it suffices to show that D;(v) — D;(v) < d(v;,v;) for all validators ¢ and j.
Let S denote validator j’s nearest quorum.

L;i(vi,v) < max{d(v;,vx) : k € S}
< max{d(vi,v;) + d(vj,vx) : k € S}
< d(vi, vj) + Dj(v)
< Lj(vi,v)

g g

Lemma C.4. Suppose the user distribution v has full support, and let v denote a configuration of
validators. If there exists a location v} # v; such that

1. Di(vi,v—;) = D;(v) — d(v;, v})
2. D;j(vl,v_;) > Dj(v) for all j # i
3. max{sup;{v; : v; < v;},0} < vj < min{inf;{v; : v; > v;}, 1}B

that is, it is possible for validator i to decrease her own quorum radius without decreasing those of
her opponents nor passing them, then M;(v},v_;) > M;(v).

Proof. Assume without loss of generality that v; > v;, that is, v] lies to the right of v;. By
Lemma M; (v}, v_;) > M;(v), with equality only if for v-almost every u € (v;, 1],

1. Aj(u,v) = 0 and Aj(u,v) > A for all j # i if §(u) < 0 and
2. Aj(u,v) > A+ n(u) if 6(u) >0
where

§(u) = min L, (u, v}

» Vi U—i) — min Lj(u’ U)
J J

19We take the supremum and infimum in case there are no validators strictly to the left or right of validator 4.
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~J2d(u, i) u € (v, )
n(u) = {Qd(vu%{) u € [v},1].

To demonstrate the result, we show that there exists a (A—independent)lﬂ positive measure of users
u € (vj, 1] for which either

1. d(u) < 0 but Aj(u,v) >0 or
2. 0(u) >0 but Aj(u,v) < A+ n(u).

By Lemma there exists a maximum a > v; such that A;(u,v) = 0 for all u € (v;, a]. Note
that a < 1. To see why, let i;, and ig denote left- and rightmost validators, respectively in validator
1’s nearest quorum, and let j denote the first validator strictly to the right of v;. Since validator @
reduces her quorum by moving right, validator j must exist, v;,, > v;, and d(v;, v;; ) < d(vs, vip) =
D;(v). Note that D;(v) < max{d(v;,vi,),d(vj,viy)}. By Lemmal|C.3| Aj(vj,v) =0, so

Ai(vj,v) = Li(vj,v) — Lj(vj,v)
= d(vj,vi) + Di(v) — Dj(v)
> d(vj, vi) + d(vi, vig) — max{d(vj,vi, ), d(vj, vig)}
> 0.

It follows that a < v; < 1.
Now, consider v € (max{a,v;}, min{a + d(v;,v}),v;}). For these u, A;(u,v) > 0 by definition of
a and Aj(u,v) = 0 by Lemma Moreover,

§(u) < Li(u,v},v_;) — Lj(u,v)
= (Li(u, ) — 2(vi, 1)) — Ly(u,v)
= (Li(a,v) + d(a,u)) — 2d(v;,v}) — (L;(a,v) — d(a,u))
= 2(d(a,u) — d(vi,v;)) (Li(a,v) = Lj(a,v))
< 0. (u € (a,a+ d(vi,v))))

Since v has full support and v} < v; by the third condition in the lemma statement, these users
constitute a set of positive measure if a > ’Uig

Otherwise, a = v;, in which case we show that there exists a positive measure of users u € (v;, 1]
for which §(u) > 0 and A;(u,v) < A+n(u). Recall that since validator i reduces her quorum radius
by moving right, v;, > v; > v,. Moreover, note that a = v; implies that D;(v) = d(v;, vij,): since
1,7 € S(’UZ',’U),

d(vi, vj) + d(vj,vig) = d(vi, viy) = Li(vi,v) = Lj(v;,v) = d(vs,v;) + D;(v)
Rearranging yields the desired equality. It follows that for u € (v;,vj],

Li(“a ’U;, U—i) - mkin Lk(“? U)

= Li(“’v 1)) - 77(“) - Lj(“? 1))

2080 that the result holds when taking A to 0, i.e., in the sophisticated user model. Recall that if, for all A > 0,
MA (u, pi, p—i) > M (u,p) for all u, then M;(p;, p—:) > Mi(p) as well. If, in addition, M2 (u, p}, p—:) > M (u,p) for
a A-independent set of users with positive v-measure, then M;(p},p—;) > M;(p) as well.

2mportantly, this interval of positive measure does not vary with A, so the result holds as A approaches 0.
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= (d(u, vi) + d(vi, vig)) — n(u) — (d(u, vj) + d(vj, vig))
= (d(u,v;) + d(vi, vig)) — n(u) — d(u, viy)
= 2d(u,v;) —n(u)

: (n(u) < 2d(u, v;))

Since Dy, (v}, v_;) > Dy/(v) for all validators k # i, we have that §(u) > 0 for all such users. Moreover,
for users u € (v;, v}),

2
0

v

Aj(u,v) = (d(u,v;) + d(vi, vip)) — d(u,vig) = 2d(u, v;) = n(u) < A+ n(u).
Since v has full support, there is a positive measure of users in this interval@ ] O

Lemma C.5. Suppose the user distribution v has full support and that the configuration v of val-
idators is a pure equilibrium. If there exists an m-sized set of co-located validators, then in fact all
validators are co-located.

Proof. Let A denote the m-sized set of co-located validators and v4 their location. We show that
any validator ¢ with v; # v4 would have a profitable deviation by way of Lemma [C.4 To see why,
note that

Dj(ve,va) = d(vj,va)

for all validators j ¢ A and any placement v/;. of validators not in A since n —m < m. Thus, a
deviation to

vi e (L(v; <wva) — L(v; > va))

by a validator ¢ with v; # v4 would satisfy the conditions of Lemma[C.4] for sufficiently small £ > 0,
yielding a profitable deviation and contradicting the assumption that v is a pure equilibrium. O [

Lemma C.6. Suppose the user distribution v has full support. When n > 5, the following configu-
ration of validators is not an equilibrium:

1. n—m + 1 validators at x € [0,1)
2. n—m+ 1 validators at y € (z,1]
3. The remaining validators at (z +y)/2.
Proof. Let v; < --- < v, denote the profile of validator locations in the statement, so
l.vi=vp_my1 =2

2. Vp—mt2 = Um—1 = (x+9)/2

3. U =vp =Y.

We show that either validator n—m+1 or validator m strictly profits from deviating to the midpoint.
We compute their market shares of the users at u € [0, 1] when the validators locate according to
v and when either validator deviates. We abuse notation and write L;, Ly, and L,,)/2 to denote
L; for validators i at z, y, and (z + y)/2, respectively. We also use

L. M), 1(u) to denote My _pmy1(u, (2 +y)/2,v_(n—m+1)), validator n —m + 1’s market share
of the users at u when she deviates to the midpoint. Note that in this case, there are n — m
validators at z, 2m —n — 1 validators at (z + y)/2, and n — m + 1 validators at y.

22Importantly, this interval of positive measure does not vary with A, so the result holds as A approaches 0.
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2. M/, (u) to denote My, (u, (x 4+ y)/2,v_p,), validator m’s market share of the users at u when
she deviates to the midpoint. Note that in this case, there are n — m + 1 validators at =z,
2m — n — 1 validators at (z +y)/2, and n — m validators at y.

3. M(u) to denote My _pi1(u,v) + My, (u,v)

4. M'(u) to denote M}, _, . (u) + M), (u).

For convenience, throughout the proof, we drop the common 1/A factor from the market share

expression.
For users u € [0, v1],

Le(u,v) = d(u, y)
L(az+y)/2(u> ’U) = d(ua y)
Ly(u,v) = d(u,y) + d(z,y)
min{d(z,y),A} 1 A 1
My —mt1(u,v) / ds+/ —ds
m—1 min{d(z,y),A} T
_ mln{d(:c, y)? A} + A— min{d(wa y)> A}
N m—1 n
A — min{d(x,y), A
M) = S 8)
Lao(u, (2 +9)/2,v_(n-m+1)) = d(u,y)

Lzt 2(us (2 +9)/2,v_(n_m1)) = d(u,y)
Ly(uv ($ + y)/27 U—(n—m+1)) = d(u7 y) + d($7 y)/2

min{d(z,y)/2,A} 1 A 1
i) = | as+ | s
0 —1 min{d(z,y)/2,A} T
_ min{d(z,)/2, A} A = min{d(z,)/2, A}
- m—1 n

Ly (u, (2 +y)/2,v-m) = d(u, (z +y)/2)
Ligtyyj2(u, (x +y)/2,0-) = d(u, (z +y)/2) + d(z,y)/2
Ly(u, (z +y)/2,v-m) = d(u,y) + d(z,y) = d(u, (v +y)/2) + 3d(x,y)/2

min{3d(z,y)/2,A} 1 A 1
Mrln(u):/ ds+/ —ds
min{d(z,y)/2,A} M min{3d(z,y)/2,A} T
m n

We now examine M'(u) — M (u) for u € [0,v1].

M (u) — M (u)
_ min{d(z,y)/2, A} — min{d(z,y), A}
m—1
n min{3d(z,y)/2, A} — min{d(z,y)/2, A}
n 2min{d(z,y), A} — min{d(z,y)/2, A} — min{3d(z,y)/2, A}
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If d(x,y) <2A/3, then
d(z,y)  dz,y)
m 2(m —1)

when m > 2 (with equality if and only if m = 2). If d(z,y) € (2A/3, A], then

A_d(x’y)/2 + 3d(.’E,y)/2—A _ d(m,y)

M'(u) — M(u) = >0

M (u) = M(u) = == n 2(m —1)
= (A~ d(z,4)/2)- (7711 B i) ey (:L ) Q(ml—”)
>0

when n/2+1<m <n. If d(z,y) € (A,2A], then

M%O—MwﬁﬂA—M%wﬂ%<;+l—l>zo

n m-—1

when n < m(m—1) (with equality if and only if n = m(m—1)). If d(z,y) > 2A, then M'(u) = M (u).
For users u € (z, (x +vy)/2],

Ly(u,v) =d(u,z) + d(z,y) = 2d(u, ) + d(u,y)
L(x+y)/2 (’U,, ’U) - d(“? y)
Ly(u,v) = d(u,y) + d(z,y)
min{d(z,y),A} 1 A 1
My —ms1(u,v) /m{Qd sy 1 ds + /min{d(z,y) A - ds (d(u,z) < d(x,y)/2)
_ min{d(z,y), A} min{2d(u, z), A} A —min{d(z,y), A}
—1 n
M (1, 0) = A — min{s(x, y), A}
Lo(u, (2 +9)/2,v_(n-m+1)) = d(u, z) + d(z,y) = 2d(u, z) + d(u,y)
x-‘ry) 2( >(x + y)/2 V—(n— m+1)) d(uv y)
Ly(u, (z +4)/2,v_(n—m+1)) = d(u, y) + d(z,y)/2
La(u, (z +y)/2,v-m) = d(u, z) + d(z,y)/2
Ligtyy2(u, (@ +9)/2,v-m) = d(u, (x +y)/2) + d(z,y)/
Ly(u, (z +y)/2,v_m) = d(u, y) + d(z, y)

We split the computation M),_,, . (u) and M, (u) into two cases, depending on whether d(u,x)
exceeds d(u, (x 4+ y)/2). For users u € (x, (3x +y)/4],

. ( ) /min{Qd(u,x),A} 1 q /min{d(x,y)/Q,A} 1 4
nem41 W) = —ds + S
i 0 2m—n—1 min{2d(u,x),A} T — 1

A

+f s (dlu.) < d(r.y) )
min{d(z,y)/2,A} T

_ min{2d(u, ), A} min{d(m,y)/Z,A} — min{2d(u, x), A}

 2m-n-—1 m—1
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. A —min{d(z,y)/2, A}

n
min{3d(z,y)/2—2d(u,z),A} 1 A 1

M (u) = / ds+/ —ds
min{d(z,y)/2—2d(u,z),A} T min{3d(z,y)/2—2d(u,z),A} T

(d(u, z) < d(u, (x +y)/2))
min{3d(z,y)/2 — 2d(u,z), A} — min{d(z,y)/2 — 2d(u, x), A}

n A — min{3d(z,y)/2 — 2d(u, z), A}

M (u) — M(u) = mu;ijd_(l;,ﬂi),lA} N min{d(z,y)/2, i}_—lmin{d(x,y), A}
n min{3d(z,y)/2 — 2d(u, z), A} — min{d(z,y)/2 — 2d(u, z), A}
n 2min{d(z,y), A} — min{d(z,y)/2, A} — min{3d(z,y)/2 — 2d(u, x), A}
If 3d(x,y)/2 — 2d(u,z) < A, then
A L
> 2d(u, ) - <2m —1n — ;) (m > 2)
>0

If 3d(x,y)/2 — 2d(u,z) > A but d(z,y) < A, then

M (u) = M(v) = 2n2@d£u;f_) 1~ 2?3 - )1) == y)g Hohe
JRICHER
>(A—d®wV@'Q;—i>+d@yy<i_20;_n>
>0

when n/2 +1<m <n. If d(z,y) € (A,2A], then

M'(u) — M(u)
:Mwa<%%if1+;)+m_amwm»(;+;—mi1)
>0

when n < m(m —1). If d(z,y) > 2A but d(z,y)/2 — 2d(u,x) < A, then
min{2d(u, z), A} N A —min{d(z,y)/2 — 2d(u,z), A}

2m—n—1 m

>0

M'(u) — M(u) =
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If d(xz,y)/2 — 2d(u,z) > A, then

min{2d(u, z), A}
= >
2m—n—1

M’ (u) — M (u) 0

Now, for users u € ((3x +y)/4, (x +y)/2],

min{d(z,y)/2,A} 1 min{2d(u,z),A}
M’r/l—m-‘r].(u) = / ——ds+ / —ds
0 2m—n—1 min{d(z,y)/2,A} M

A

1

+ / L as (d(u,z) > d(z,)/4)
min{2d(u,z),A} T

minfd(z,y)/2, A} | min{2d(u, 2), A}~ minfd(z,4)/2, A}
2m —n—1 m
n A — min{2d(u, x), A}
n
/min{2d(u,x)d(x,y)/2,A} 1

0 2m—n—1

min{d(z,y),A} 1 A 1
+ / —ds + / —ds

min{2d(u,z)—d(z,y)/2,A} m
_ min{2d(u,z) —d(z,y)/2, A}

N win{d(o, ). A} - win{2d(u,s) — dz.3)/2 A)
A minfilr).2) "

min{d(z, y)/2, A} + min{2d(u, z) — d(z,1)/2, A}
__nﬂnﬂﬂx&D,A}%ﬁ;;2£k2¢ﬂ,A}

, min{2d(u, o), At ilin{d(x, y), A}
 min{d(z,y)/2. A} + min{2d(u, 2) — d(z,y)/2, A}
| minfd(r,9), A} - win {2, ), A}

n

M'(u) — M(u) =

If d(z,y) < A, then

M (u) = M (u)
_ 2d(u,z)  d(z,y) — 2d(u, ) N d(z,y) N d(z,y) — 2d(u, )
2m—n—1 m—1 m n
L ;) + (d(2, ) — 2d(u, 7)) (i TR 1>

= 2d(u,z)
(u,) <2m—n— m m—1

>0
when n < m(m —1). If d(z,y) > A but 2d(u,x) < A, then

M (u) — M(u)
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2d(u,z) A —2d(u, ) N A n A — 2d(u, x)

:2m—n—1 m—1 m n
1 1 1 1 1
=9 B R T A_9 N T
d(u, ) (2m—n—1+m> +( d(u, x)) (n—i-m m—1>
>0

when n < m(m —1). If 2d(u,z) > A but d(z,y)/2 < A, then
2d(u, x) N 2A — 2d(u, x)

M/(u)_M(u):Zm—n—l m
> ) 28 = ) (2d(u, ) < d(z,))
>0

If d(xz,y) > 2A, then
M'(u) — M (u)
_ A+ min{2d(u, x) — d(z,y)/2, A} n A — min{2d(u, x) — d(x,y)/2,A}
2m—n—1 m
>0

Now, note that by symmetry, M’'(u) > M (u) for all u € [(z +y)/2,y) and M'(u) > M (u) for
all u € [y, 1] with equality only if d(x,y) > 2A. Thus, either M}, . ((z +¥)/2,v_(n-m41)) >
My —m+1(v) or M} ((z +y)/2,v_m) > My (v) since v has full support and market share is simply
the average market share from each location. O O

Lemma C.7. When n = 4, the following configuration of validators is not an equilibrium, even if
the user distribution v does not have full support:

1. Two validators at x € [0,1)
2. Two validators at y € (z,1].

Proof. Let v1 = vo = x and vs = vq4 = y. We show that either validator 2 strictly profits from re-
locating to y or validator 3 strictly profits from re-locating to x. For concision, let L;(u) = L;(u,v),
Li(u) = Li(u,y,v_2), and LY (u,z,v_3). Define M;, M/, and M/, as well as A;, A, and A/,
similarly.

For all locations u € [0, 1],

Li(u) = La(u) = d(u, x) + d(z,y
L3(u) = La(u) = d(u,y) + d(z,y
Li(u) = d(u,z) +d(z,y
Ly(u) = Ly(u) = Liy(u) = d(u,y)
L{(u) = Ly(u) = Li(u) = d(u, v)
Li(u) = d(u,y) + d(z,y)
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Thus,

[0 uG[O (z +y)/2]
Ar(u) = Az(u) = § d(u,z) — d(u,y) e ((z+y)/2,y)
d(z,y) u € [y,1]
d(z,y) u € [0, z]
Ag(u) = Ay(u) = § d(u,y) —d(u,z) € (z,(x+y)/2)
0 u € [(z+y)/2,1]
0 u € [0,x]
Al(u) =< 2d(u,z) u € (z,9)
2d(z,y) wely1]
Ab(u) = Ay(u) = A4(w) = 0
Af(u) = Ag(u) = Az(u) = 0
2d(z,y € [0, x]
Af(u) = { 2d(u,y (z,y)
0 € [y, 1]
For u € [0, z],
1 (min{d(z,y),A} A —min{d(z,y),A}
Ma(u) = < - ( 5 1 >
1 min{d(z,y),A}
1T R
My (u) = i B mm{dixA,y), A}
Mj(u) = |
" 1 (min{2d(z,y),A} A —min{2d(z,y), A}
My(u) =5 ( 3 4 )
1 n min{2d(z,y), A}
4 12A '
For u € (z,(x +y)/2],
1 <m1n{d u,y) , ), A} A — min{d(u,y) — d(u,x),A})
A 4
1_’_ min{d(u, y) d(u,x), A}
4 4A
My(u) = i min{d(u, y) d(u x), A}
1 m1n{2d U, x) A} A — min{2d(u, z), A}
T A 4 )

m1n{2d(u x), A}
12A
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= b \

4
1 min{2d(u,y), A}
T4 12A '

For u € ((x +v)/2,y),

(mln{2d wy) A} A min{2d(u,y),A}>
L

A —min{d(u, z) — d(u,y), A}
4
~ min{d(u, z) — d(u,y), A}
4A
min{d(u,z) — d(u,y), A}
4A
min{2d(u, z), A}
12A
min{2d(u,y), A}
12A

Ms(u) =

Ms(u) =

_l’_

M (u) =

Mg (u) = 7 +

e e Bl Ll A

For u € [y, 1],

1 min{d(z,y),A}
4 4A

1 min{d(z,y),A}
4 4A
1
4
1
4

min{2d(z,y), A}
12A

Since M(u) + MY (u) > Ma(u) + Ms(u) for all locations wu, it follows that either re-locating to y is
strictly profitable for validator 2 or re-locating to x is strictly profitable for validator 3. o O

Theorem C.8. Suppose n > 4 and that the user distribution v has full support. A configuration v
of validators is a pure equilibrium only if v; = v; for all validators i and j, that is, all validators are
co-located.

Proof. Re-label the validators so that v; < --- < wv,, and suppose by way of contradiction that
v] < vp. Let k = |{i:v; = v1}|, so validator k + 1 is the first validator that is not located at v;.
By Lemma we focus on the case in which no location supports more than m — 1 validators, so
suppose that m > k + 1. If for all validators ¢ > k + 1, there exists € > 0 such that

D;(vi, + €,v_k) = D;(v)
vk + € < min{vgy1, (vg + vm)/2},

then by Lemma validator k& would strictly profit from deviating to vy + €: the first (and
second) condition guarantees that D;(vy + &,v_x) > D;(v) for all i # k, while the second condition
guarantees that vy + ¢ < vgy1 and that Dg(vg + €,v_) = Di(v) — e. Thus, there must exist a
validator 7 > k + 1 such that for all sufficiently small e,

Di(’l)k + e, ’U,k) = DZ(U) —E&.
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That is, her quorum radius depends on validator k’s location (as long as validator k stays to the
left of her). Let j denote the leftmost validator satisfying this condition, and note that

D;(v) = d(v;. ve).

We claim that v; > vy,. To see why, first note that v; > (vg + vy,)/2 since otherwise, D;(v) =
d(vj, vm), so the fact that

Dj(vk +&,v_k) = Dj(v) —e = d(vj,vm) — €

for all sufficiently small € contradicts the fact that even if validator k£ moves closer to validator j by
€,
Dj(vr, + &,v-¢) > d(vj, vm).

Now, to see why v; & ((vg + vm)/2,vm), we appeal to the fact that deviating to v; — ¢ for some
sufficiently small € would decrease validator j’s quorum radius by € without decreasing the radii of
the other validators: the radius of a validator that lies (weakly) to the right of v; cannot decrease
if validator j moves to the left, and the radius of a validator strictly to the left of v; does not
depend on the location of validator j (since this validator must reach validator m anyway). Thus,
by Lemma [C.4] validator j would strictly profit from this deviation. Note that this argument holds
for any validator ¢ with D;(v) = d(v;, vx), that is, v; € ((vk + Vi) /2, vp,) for all such validators. It
follows that v; > vy,.

This inequality in fact holds with equality. To see why, note that D;(v) = d(vj,vy) implies that

v + d(vg, vj) < Ve

It follows that D;(v) = max{d(v;,vg),d(v;, vy)} for all validators i < j. Now, suppose by way of
contradiction that v; > v,,, and consider what would happen if validator j deviated from v; to vj —¢
for sufficiently small e. Certainly, the quorum radius of those weakly to the right of v; would not
decrease, as the deviation moves validator j further away from these validators. Meanwhile, v; — ¢
does not even enter the radius of validators with v; < (v + v;)/2 for sufficiently small e, while v;
was already strictly in the radius for validators ¢ < j with v; > (v + v;)/2 (since D;(v) = d(v;, vg)
for all such validators). For validators with v; = (v + v;)/2, a decreased radius as a result of
validator j's deviation would imply that there are m validators in (vg, v;), which we know is not the
case (since D;(v) = d(vj,vg)), so this deviation must also not affect the radius of these validators.
Since validator j decreases her radius by exactly € by moving to v; — ¢, it follows from Lemma
that this deviation is strictly profitable, a contradiction. Thus, v; = vy. A direct consequence
of this equality and the fact that D;(v) = max{d(v;,vg),d(vi,vy)} for all validators i < j is that
vj—1 < (vg + vp,)/2 (recall that v; & ((vk + vm)/2,vm) for any validators ¢ with D;(v) = d(vs, vi)).
Here, we have also used the fact that the minimality of j implies that v;_; < v;.
So far, we have demonstrated that

1. The quorum radius of validator m depends on the validators at vq: if a validator at v; moves
¢ to the right, then the radius of validator m decreases by e for sufficiently small e.

2. There are no validators in ((v1 + vp,)/2, V).

3. If there are at most n — m validators at v1, then v, > vy, + d(v1, vp).

By symmetry, we also have that

BUm+ k> n, then let v, 4+r = +00.
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1. The quorum radius of validator n — m 4+ 1 depends on the validators at v,: if a validator at
v, moves € to the left, then the radius of validator n — m + 1 decreases by ¢ for sufficiently
small €.

2. There are no validators in (Vp—m+1, (Vn—m+1 + n)/2).

3. If there are at most n — m validators at v, then v1 < vp—m41 — A(Vp—m+1,Vn)-

Note that no validators lie strictly between validators n — m + 1 and m: since vp_m41 > v1 and
Up > U, if either inequality is strict, then

(Un—m+17 'Um) - (Un—m+1> (Un—m—l—l + Un)/2) U ((Ul + 'Um)/27 Um)-

Otherwise, vy—m+1 = v1 and v, = v, and any validator in (v1,v,) locates at (v1 + v,)/2. In fact,
each of validators n—m+2,...,m—1 locates at this point: any deviation by one of these validators
(as long as her deviation remains within [vy,—m+1, Um]) would not change the quorum radius of any
other validator, so unless they reside at (v +v,,)/2, they can decrease their radius without changing
the radius of their opponents, which by Lemma implies that v is not a pure equilibrium. But
note that by Lemmas [C.6] and [C.7], this configuration of validators is also not a pure equilibrium,
so it cannot be that vy,_p,11 = v1 and v, = vy, simultaneously.
These facts imply that v,—p+1 = Up,. Otherwise, vy —mi1 < (v1 + vp,)/2, and since

Dy (Un - &, U—n) = Dn—m—i—l(v) — €

for all sufficiently small e, we would have that v, = v, and v,—1 = vp—my1: if v, > vy, then
Dy—pmi1(v) = d(Vp—m+t1,0m) < d(Vp—m+t1,0n), and if V1 > Vp_ma1, then vy, 1 > vy = vy, SO
there would only be m — 2 validators in [0, v,). In either case, validator n moving left would not
decrease the radius of validator n — m + 1. At the same time, that

Dy (v1 +¢e,v_1) = Dp(v) — €

for all sufficiently small € implies that vy,—my1 = v1: if v1 < Vp—my1, then the fact that v, = vy,
implies that Dy, (v) = d(vm, Vn—m+1) < d(vm,v1), so validator 1 moving right would not decrease
the radius of validator m. However, we have already shown that v,_,,+1 = v1 and v, = v, cannot
hold simultaneously.

We are now nearing the conclusion. Note that v,_;,+1 = v, implies that there are at most
n — m validators at each of v; and vy, so v, = (v1 + v,)/2. We claim that moving to vy, + € is
strictly profitable for validator m. To see why, note that

Di(vm +e,v_m) > Di(v)Vi#m:v; < vy

since validator m’s deviation moves her further away from the validators weakly to her left. Mean-
while,
Di(vm + &,v_m) = Di(v) > d(vi, Vp—m+1) Vi : Vi > Uy = Unemet1

since the validators strictly to the right of v, = v,—m+1 must reach validator n — m + 1 anyway.
However,
D (v +€,v_m,) = d(vm, + €,vp) = d(Um, Vp) — € = Dy (v) — €

for sufficiently small e, so by Lemma [C.4] deviating from v, to v, + € is strictly profitable for
validator m, contradicting the assumption that v is an equilibrium. O O
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D Faster Intervalidator Connections

In this section, we examine how faster intervalidator connections, including those provided by
decentralized physical infrastructure networks (DePIN) such as DoubleZero, affect validator location
decisions when validators simultaneously serve as attesters and proposers. We show that faster
connections make co-location less attractive (see Theorem and that validator coverage improves
as connections speed up, as the number of validators increases, and as the block time decreases,
although only to a certain extent in the latter case (see Theorem |D.5)).

Theorem D.1. Suppose the number of proposers n > 4, and let p denote the ratio between the
latency per unit distance of the dedicated network and that of public internet. If the user distribution
has full support and no point masses, then co-location of all validators is not an equilibrium when
w<1—=2/n for all block times A > 0. This conclusion holds for y < 1 when users are sophisticated
(A =0). Moreover, when users are uniformly distributed, the (expected) distance between any user
and her nearest validator at any (mized) equilibrium is at most

0 <1lﬂ . ( fma(B1ju} | 1°g(1+ma;%£f‘1/m)>> .

We remind the reader of the model and the relevant notation for this section.

L. D;(v) = mingcn);|s|=m MaXjes d(vi, v;) where m = |2n/3] + 1 denotes the quorum radius.

2. Li(u,v) = d(u,v;) + p - D;i(v) denotes the time to inclusion for a user at w who sends to
validator i. Recall that u € [0, 1] represents the faster intervalidator connections.

3. Sr(u,v) = argmin,[(Li(u,v) + 7)/A] denotes the set of validators who can first include a
transaction sent from w at time 7 in a block.

4. Validator i’s share of users at location uw and total market share are given by

= L [PAEES ) ) dula
Mz(u,v)—A/O s ar MZ(>—/OM1<,>d(>,

respectively. Recall that the users are distributed according to the probability measure v.

D.1 Proof Overviews

Co-location is no longer an equilibrium when g is sufficiently small for an intuitive reason: validators
serve as gateways to faster routes, so users prefer to send to closer validators. Thus, when a validator
removes herself from her peers, who all co-locate at some location, and relocates either immediately
to their left or right, she becomes the unique validator who minimizes time to inclusion for an entire
side of the market.

This shift in user preference toward closer validators also incentivizes them to better cover the
market when the users are located uniformly over it. If there is some user whose closest validators
are far away, then another validator may want to relocate to capture this user and the surrounding
market. That even the validator with the smallest market share does not want to do this at
equilibrium allows us to bound the distance between each user and her closest validators.
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D.2 Faster Intervalidator Connections: Instability of Co-location

Theorem D.2. Suppose n > 4. If the distribution of users v has full support and no point masses,
then co-location of all validators is not an equilibrium whenever

1. u < 1 in the non-block time (sophisticated user) model.
2. u<1—=2/n in the block time model for any block time A > 0.

Proof. We show that co-location at = € [0, 1] cannot be an equilibrium. Note that each validator’s
market share in this case would be 1/n. Let F' denote the CDF of the user distribution v. Suppose
that F'(x) > 1/2, and consider validator i’s market share if she locates at = —¢ for some ¢ instead. In
the non-block time (sophisticated user) model, her new market share would be at least F'(x — 5)@
which approaches 1/2 as e goes to 0, so co-location at x cannot be an equilibrium. If F(z) < 1/2,
then considering a deviation to x + ¢ yields the same conclusion.

We now turn to the block time model. Let A denote the block time, and consider a deviation
to z — ¢ for ¢ < A. To simplify the presentation, let L;(u) and L_;(u) denote L;(u,x — €, x) and
Lj(u,x — e,x), which is the same for any j # i, respectively. Similarly, let M;(u) and M; denote
M;(u,x — e,x) and M;(z — €, x), respectively. Since n > m + 1 when n > 4,

Vue [0,z —e¢], L_j(u) — Li(u) = d(u,z) — (d(u,x — ¢)
+p-dx—e,x))
(I —p)e
Vue [z —ex—(14+p)e/2], L_j(u) — Li(u) = d(u, z) — (d(u,x — €) + pe)
=2d(u,x) — (1 4+ p)e
Vue [z—(1+pe/2,z], Li(u) — L_;(u) = (d(u,z — ) + pe) — d(u, )
= (14 p)e — 2d(u, x)
Vu € [x,1], Li(u) — L_;(u) = (d(u,z — €) + pe) — d(u, z)
(

By Lemma (and since ¢ € A),

Vue [0,z —¢], Mj(u) = +(1—p)e+ 2(1— %(1—pe)
Sl 1Ly p)e
Vue [z —e,z— (14 p)e/2], Mi(u) = £ (2d(u,z) — (1 + p)e)
11— 1@d(w, ) — (1+ p)2))
=14 11— 1) 2d(u,2) — (1 + p)e)
Ve fo— (1+ /2,2, Mi(w) = L(1 = 1((1+ p)e — 2d(u, 2))
Vu€ [z,1], Mi(u) = (1 - X(1+ p)e)

It follows that if v has full support and no point masses, then

— e — (1= Flo — (1+ p)e/2)) - X (1+ e
—W)e— (1= Flz—<))- 51+ p)e.

d(u,z) — (1 — p)e < d(u,z) = L_ij(u,x — g,v_;).

M; >4+ F(z-e)-
>14 FPz—e)-

[EE—
|
[EEN—I

Sl= 3=
~—

~—
—~

D= =

24This is because Li(u,z —e,v_;)
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Note that the last line exceeds 1/n if and only if
Pla—g)-(1-= 11— =1 -Fla—e)-101+p).

Rearranging yields

< Fle—e)-1-1/n)-(1-F@-¢)/n . 2(-F-¢))
T Flz—e)-1-1/n)+(1—F(z—¢))/n 1+ F(z—¢)-(n—2)

If w <1 —2/n, then since

lim 20 -F(x—¢) _  20-F(z))
es0t 1+ Fx—¢e)-(n—2) 1+ F(x)-(n—2)

<2, (F(@)> 1/2)

the desired inequality on p holds for sufficiently small e. Thus, M; > 1/n for sufficiently small ¢,
and co-location at x cannot be an equilibrium if F'(z) > 1/2. If F(z) < 1/2, then carrying out the
argument with x 4 € as the deviation yields the same conclusion. O O

D.3 Faster Intervalidator Connections: Coverage

For concision, we introduce some notation specific to this section. Given p < 1,z € [0,1],¢ > 0,
define

min{(1—p)e,A}
mt (z,e) = i/o ' v(max{0,z — 3((1 — p) - — s)},2]) ds

1 min{(1—p)e,A} .
wi(e.e) = 5 [ (e, min{L,z + 5(1— ) - — 5)}]) ds

The next lemma says that these terms are the guaranteed market share of users to the left of x and
to the right of x, respectively, when a validator locates at  and her nearest peers are more than ¢
away. Lemma [D.4] uses these guarantees to argue that the probability that the closest validators to
x are more than € away cannot be too high at any mixed equilibrium: otherwise, the validator with
the smallest market share would prefer to relocate to z. Theorem then uses this tail bound to
bound the expected distance between x and the validators closest to it.

Lemma D.3. Suppose u < 1, and let v_; denote the locations of validators who are not validator
i. If there exists a location x € [0,1] such that minj,; d(z,v;) > ¢, then

M;(z,v_;) > max{m" (z,e), m! (z,¢)}.
Moreover, if users are uniformly distributed across [0,1], then

2.2
(A—p)%e e <

A
M;(z,v—;) > {2(14%5A A
-1

1
A
€>1f

=

=

Proof. Suppose there exists a location x € [0, 1] such that min;; d(x,v;) > €. Let j and k denote
the first validators located to the left and right of x, respectively, and assume that both validators
exist for now. Note that by the triangle inequality,

Di(z,v_;) < min{d(x,vj) + D;(x,v_;),d(x,vg) + Di(z,v_;)}
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so by Lemmas [C.3] and [B23], validator ¢ strictly minimizes latency for users in the interval
1 1- 1 1-
(5 o+t gt e 5w

That is, for all locations w in this interval, L (u, z,v_;) < L} (u,x,v_;) for all validators £ # i. To
see more specifically why this is the case, note that for u € [z, HT“ - T+ 177“ V),
L' (u,z,v_) = d(u,z) + p - Di(x,v_;)

< d(u,z)+ p- (d(x,vg) + Dg(x,v_;))

= Lh(u,z,v_;) + (d(u,x) — d(u,vg)) + p - d(z, vg,)

< Li(u,z,0). (ue [z, B2z + 52 u)
A similar analysis demonstrates that the same inequality holds between validators ¢ and j for users
located in (HT“ T+ 177“ -vj,x]. Lemmas and then imply that these inequalities suffice to

show that validator ¢ strictly minimizes latency across all validators for users in the desired region.
Now, note that since min;; d(z,v;) > €,

oo 152 e € (B 25y, B o 15 )
Thus, by Lemma [B.4]

1 min{(1—p)e,A} )
Mi(,v_5) > A/O v+ 31— p) - - 5)]) ds

If no validator locates to the left of x, then it is not hard to see that

1 min{(1—p)e, A}

M;(x,v_;) > Ny

v([0,2 + (1 — p) - — s)]) ds.

Likewise, if no validator locates to the right of x, then
1 min{(1-p)e,A}

M;(z,v_;) > A

vl — 51— p)-e — 8),1]) ds.

Each of these expressions is at least max{m" (z,e), m! (x,¢)}. If users are uniformly distributed
across [0, 1], then we can compute the value of this expression explicitly.

1 min{(1—p)e,A}
(i (z,) s (2,2)) = 5 ¢ [ (L= p)-c—s)ds
2A J,
_ (174@262 €<
- 2(1—;2)5—A >

g g

b1

q
=

Lemma D.4. Suppose p < 1. If the configuration v is a mized equilibrium, then for all locations
u € [0,1],
P, [min; d(u, v;) > €] < min{1, (n - max{m" (u, ), m" (u,e)})~*}.

Moreover, if users are uniformly distributed across [0,1], then

. 47 A
min < 1, 722} €<
. 1_ N 1_
P, [min; d(u, v;) > €] < . " M)46 A#
miny L, ooq= 5-oay 1 € > 15
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Proof. Suppose there exists u € [0, 1] such that
P, [min; d(u, v;) > €] > (n - max{m” (u,e),m’; (u,e)})~*.
Let j € arg min; E,[M;(v)], and note that E,[M;(v)] < 1/n since E,[> ", M;(v)] = 1. By deviating
to u, her expected market share becomes at least
Py [min,z; d(u, v;) > €] - max{m" (u, &), m! (u,e)}

> Py[min; d(u, v;) > €] - max{m” (u,e), m! (u,e)}

>1/n
by Lemma so the configuration v cannot be a mixed equilibrium. The result for uniformly

distributed users then follows from substituting in the expression for max{m" (u,¢e), m!/ (u,e)} from
Lemma [D.3 O O

Theorem D.5. Suppose p < 1. If the configuration v is a mized equilibrium, then for all locations
u € [0,1],

1
E,[min; d(u, v;)] S/O min{1, (n - max{m" (u, &), m’ (u,€)}) "} de.

Moreover, if users are uniformly distributed across [0, 1], then

log (1 + maealmn
E,[min; d(u, v;)] < O _1 [, max{A1/n} ( Y, }>
L—p n n

whenever p <1 —2 and A < n(1 — p)?/4.

Proof. The general result follows from Lemma and the (alternative) definition of the expectation
of a real-valued random variable. Now, suppose p < 1 — 4/n, and consider the case of uniformly
distributed users. If 4/n < A <1 — pu, then

[ o \/7 A/(1—p) AN q
E,[min; d(u, v;)] / €
A/n M)QEQ

de

" /A/(lu) n(2(1 — M)5 —A)

4 /A 4 2
—— /= - +

21 —p)
STV - n(l—u)10g< A 1)'

If1—pu <A <n(l—p)?/4, then

. 2 /A ! 4A
E, [min; d(u, v;)] < —,U\/:+ /13#\/A7/nn(1—ﬂ)252 de
4 A A
T1-p (ﬁ - n(l—u)> ‘
If A <4/n, then
_ A+4/n ! 4
Ev[mlni d(ua Ul)] < m + /A+4/n n(2<1 — lu)&‘ — A) de
_ A+4/n 2 . (MRO=p) —4)
2(1—u)+n(1—u)lg< 4 )
= O
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E Preconfirmations

The popularity of preconfirmations has an effect on validator locations similar to that of faster
intervalidator connections, although the exact quantitative bound on the distance between each user
and her closest validators is different. There is also no dependence on block time since validators
can provide preconfirmations at any time.

Theorem E.1. Suppose the number of proposers n > 4, and let o denote the fraction of users
at each location who care about time to inclusion. If the user distribution has full support and no
point masses, then co-location of all validators is not an equilibrium when o < 1 for all block times
A > 0. This conclusion holds for a« < 1—1/(n—1) when the users who care about time to inclusion
are sophisticated (A = 0). Moreover, when users are uniformly distributed, the (expected) distance
between any user and her nearest validator at any (mized) equilibrium is at most

1+log(max{1,n(1—a)})
O ( max{l,n(l1—a)} ) ’

We clarify the model and remind the user of the relevant notation. Users are distributed along
the unit interval according to the probability measure v and send transactions at a constant rate
for A time. At each location, there are two types of users. The first type of user cares about time
to inclusion and sends to a validator ¢ that minimizes

[(Liu,v) +7)/A]

where u is the user’s location and 7 the time at which she sends her transaction. « denotes the
fraction of these users at each location. The second type of user cares about time to preconfirmation
and sends to her closest validator. These users constitute a 1—« fraction of the users at each location.
If multiple validators tie for a user of either type, then she breaks the tie randomly.

L. Dji(v) = mingcpn):|s|=m MaX;jes d(v, v;) where m = |2n/3] + 1 denotes the quorum radius.

2. Li(u,v) = d(u, v;) + D;(v) denotes the time to inclusion for a user at u who sends to validator
1.

3. Sr(u,v) = argmin;[(L;(u,v) + 7)/A] denotes the set of validators who can first include a
transaction sent from w at time 7 in a block.

4. P(u,v) = argmin; d(u,v;) denotes the set of validators who can provide a preconfirmation the
fastest.

5. Validator ¢’s share of users at location u is given by

1(i € Sr(u,v)) 1(i € P(u,v))
(u,v) A/ s uv)\ dr+ (1 —«) —]P(u,v)\ .

6. Validator ¢’s total market share is given by

— /01 M;(u,v)dv(u).
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E.1 Proof Overviews

The proofs in this section closely resemble those in Section|[D] Co-location is no longer an equilibrium
because preconfirmation users send their transactions to their closest validators. Thus, the existence
of any positive fraction of such users would incentivize a validator to separate from her co-located
peers: by locating just next to them, she continues to capture 2(1/n) of the users who care about
time to inclusion but now captures all the preconfirmation users on one side, which is a constant
fraction of all users in the market.

Validator coverage improves because a validator can capture all the preconfirmation users near
a location by re-locating there. That the validator with the smallest market share does not want to
relocate anywhere implies each location must have a validator sufficiently nearby. The proof of this
result uses the same ideas as the proof of Theorem [D.5} use this fact to establish tail bounds on the
probability that the nearest validator to a particular location is more than € away at equilibrium,
then use this tail bound to bound the expected distance.

E.2 Preconfirmations: Instability of Co-location

Theorem E.2. Suppose n > 4. If the distribution of users v has full support and no point masses,
then co-location of all validators is not an equilibrium whenever

1. a <1—=1/(n—1) in the non-block time model.
2. a < 1 in the block time model for any A > 0.

Proof. We show that co-location at = € [0, 1] cannot be an equilibrium. Note that each validator’s
market share in this case would be 1/n. Let F' denote the CDF of v. Suppose that F(z) > 1/2,
and consider validator i’s market share if she locates at  — ¢ for some ¢ instead. In the non-block
time (sophisticated user) model, her new market share would be

%-F(:ﬁ—e)—i—(l—a)-F(:L‘—eﬂ)>F(:L‘—6)~(%—I—(l—a))

which is at least 1/n if and only if

Flx—¢e)—1/n 1 1—F(z—e¢)
T Flx—¢e)—F(x—¢)/n nF(x—e)— F(x —¢)

If « <1—1/(n—1), then since

. 1-F(x—e¢) < 1
im
et nF(z—e)—F(r—¢) " n—1

(F(z) > 1/2)

the desired inequality on « holds for sufficiently small e. Thus, M; > 1/n for sufficiently small ¢,
and co-location at z cannot be an equilibrium if F(x) > 1/2. If F(x) < 1/2, then carrying out the
argument with x + ¢ as the deviation yields the same conclusion.

We now turn to the block time model. Let A denote the block time, and consider a deviation
to z — ¢ for ¢ < A. To simplify the presentation, let L;(u) and L_;(u) denote L;(u,x — &, x) and
Lj(u,z — €,x), which is the same for any j # 4, respectively. Similarly, let M;(u) and M; denote
M;(u,z —e,z) and M;(x — e, z), respectively. Since n > m + 1 when n > 4,

Vue [0,z —¢], L_ij(u) — Li(u) = d(u,z) — d(u,z — ¢) — d(x — ¢, x)
—0
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Vue [z —e,z], Li(u) — L_ij(u) = (d(u,x —¢) + ¢) — d(u, z)

=2(e — d(u,x))
Vu € [x,1], Li(u) — L_;(u) = (d(u,z — ¢) + &) — d(u, )
= 2¢
By Lemma (and since € € A),
Vue [0,z —¢], Mi(u) =%+ (1 —a)
Vuce [z —e,x—¢/2), Mij(u) = S(1 - 2<5_C§u’m))) +(1—-a)
>5(1-%)+(1-a)
Mi(z —¢/2) = 2(1 - £)+ =2
1 _ ae
T n nA
Vu € (z—e/2,a], Mi(u) = 5(1 - =g
>5(1-%)
Vu € [z,1], Mi(u) = 2(1 - %)

It follows that if v has full support and no point masses, then
M;>2+(1-a) Flz—¢/2)— 2% . (1-F(z—¢)),
which is at least 1/n if and only if

o< F(x—¢e/2)—1/n
T Fr—¢/2)—1/n+2e(1 - F(x —¢))/(nA)
2¢e(1 = F(z —¢))/(nA)
F(x—¢/2)—1/n+2e(1 — F(z —¢€))/(nA)

—1-

If a < 1, then since

lim 2¢(1 = F(z —¢))/(nA)

D8 P —e/2) — 1n+2:(0 - Fla—e)/(nd) (F(z) 2 1/2)

the desired inequality on « holds for sufficiently small e. Thus, M; > 1/n for sufficiently small ¢,
and co-location at x cannot be an equilibrium if F'(z) > 1/2. If F(z) < 1/2, then carrying out the
argument with x 4 ¢ as the deviation yields the same conclusion. O O

E.3 Preconfirmations: Coverage

Lemma E.3. Suppose @ < 1, and let v_; denote the locations of validators who are not validator
i. If there exists a location u € [0,1] such that minj; d(u,vj) > €, then

Mi(u,v—) =2 (1 —a) - v(lu£e/2]N[0,1])
Moreover, if users are uniformly distributed across [0,1], then

M;i(u,v—;) > (1 —a)e/2
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Proof. If there exists a location u € [0,1] such that min;.; d(u,v;) > e, then by locating at u,
validator ¢ becomes the unique closest validator at least for the users in [u +¢/2] N[0, 1]. Thus,

M;(u,v—;) > (1 —a) - v(lute/2]N[0,1])

If a continuum of users is uniformly distributed across [0, 1], then we can further lower bound the
market share more explicitly using the longer side.

M;i(u,v—;) > (1 — a)e/2
O O

Lemma E.4. Suppose o < 1. If the configuration v is a mized equilibrium, then for all locations
u € 10, 1],

. 3 1
P, [min; d(u, v;) > €] < min {1’ n(l—a)-v([ute/2]N]0,1]) } '

Moreover, if users are uniformly distributed across [0,1], then
. . 2
Py [min; d(u, v;) > €] < min < 1, =)
Proof. Suppose there exists u € [0, 1] such that

1
n(l —a) - -v(fute/2]NI0,1])

Let j € argmin; E,[M;(v)], and note that E,[M;(v)] < 1/n since E, [, M;(v)] = 1. By deviating
to u, her expected market share becomes at least

P, [min; d(u, v;) > €] >

Py [min;2; d(u,v;) > €] - (1 —a) - v(juxe/2)N0,1])
> Py[min; d(u,v;) >¢]- (1 —a)-v([ute/2]N|0,1])
>1/n

by Lemma [E-3] so v cannot be a mixed equilibrium. The result for uniformly distributed users then
follows from substituting in the corresponding lower bound from Lemma O O

Theorem E.5. Suppose a < 1. If the configuration v is a mized equilibrium, then for all locations
u € [0,1],

! 1
Ey[min; d(u, v;)] < inq1, de.
mincatu o] < [ min {1, )

Moreover, if users are uniformly distributed across [0,1], then
1 + log(max{1,n(1 —«a)})
max{l,n(l —a)} '

Proof. The general result follows from Lemma and the (alternative) definition of the expectation
of a real-valued random variable. For uniformly distributed continuum of users, if & < 1—2/n, then

E, [min; d(u, v;)] < O (

2 ! 2
E,[min; d(u, v; S—i—/ ——de
| (1 1) n(l—a)  Jayma-a) n(l —ae

_ 2(1 +log(n(1 — @)/2))
n(l — )
g g
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F Attester-Proposer Separation

The main result of this section is that, when attesters and proposers are disjoint, almost all proposers
locate at the midpoints of attester quorums at equilibrium, provided that the attester distribution
satisfies a regularity condition. The only proposers who may locate elsewhere are the left- and
rightmost proposers, so any departures from this pattern are confined to the boundaries.

Theorem F.1 (Informal, see Theorem [F.8)). Suppose the user distribution v has full support and
that each quorum of attesters has the same diameter. Let p denote a pure equilibrium configuration
of proposers.

1. All proposers except possibly the left- and rightmost proposers locate at a midpoint of a quorum
of attesters.

2. If the leftmost proposer does not locate at a midpoint, then the closest midpoint must lie to
her left, and her closest peer must lie strictly to her right.

3. Similarly, if the rightmost proposer does mot locate at a midpoint, then the closest midpoint
must lie to her right, and her closest peer must lie strictly to her left.

When each quorum of attesters has the same diameter, the quorum radius of each midpoint
coincides. Thus, if proposers only locate at the midpoints of these quorums at equilibrium, then
users determine who to send their transactions to based only on their latencies to proposers and not
their quorum radii. This reduces the game to a pure Hotelling game over the midpoints of attester
quorums. Recall that pure Hotelling games have spread out equilibria.

In Section we apply this result to the cases in which the attester distribution is uniform and
either discrete (e.g., the number of attesters is finite) or continuous (e.g., the number of attesters
is large). In these cases, when users are uniformly and continuously distributed, all proposers must
locate at a midpoint of a quorum of attesters at equilibrium, so all equilibria are Hotelling equilibria
over the midpoints. We characterize the set of equilibria in these two cases.

We remind the reader of the model and the relevant notation for this section. Instead of prop-
agating transactions to a quorum of other proposers, proposers now propagate transactions to a
quorum of attesters. Suppose attesters are distributed across [0, 1] according to the probability
measure A. A proposer who locates at x € [0, 1] has quorum radius

D(x) = inf{supyeg d(z,y) : S C[0,1] : A(S) > 2/3}
= inf{max{d(z,a),d(z,b)} : [a,b] C [0,1] : A([a,b]) > 2/3}.

Users are distributed along the unit interval according to some probability measure v and send
transactions at a constant rate for A time.

1. Li(u,p) = d(u,p;) + D(p;) denotes the time to inclusion for a user at u who sends to proposer
1.

2. S(u,p) = argmin; L;(u,p) denotes the set of proposers who minimize the time to inclusion
for location wu.

3. Sr(u,p) = argmin;[(L;(u,p) + 7)/A] denotes the set of proposers who can first include a
transaction sent from u at time 7 in a block.
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4. Proposer i’s share of users at location u and total market share are given by

A
1(
i(u,p) A/ z‘gSu;Lp))dT and  M;(p /Mupdy u),

respectively.

5. Aij(u,p) = Li(u,p) — min; Lj(u, p) denotes how much longer it takes proposer i to propagate
a transaction from location u compared to her optimal proposer.

6. Ui(p) = {u:1i € S(u,p)} denotes the set of users whose latency-minimizing proposers include
proposer 7.

F.1 A Regularity Condition

We prove some facts about the model and formalize what we mean when we say that each attester
quorum has the same radius. The following lemma will allow us to apply Lemma[B.5 and show that
the set of locations for which proposer ¢ minimizes time to inclusion is a closed interval containing
her location.

Lemma F.2. D is 1-Lipschitz.

Proof. That |D(x) — D(z)| < d(z, 2) for all z,z € [0, 1] follows from the triangle inequality: for all
y €10,1],
d(z,y) < d(z,z) +d(z,y).

For any S C [0, 1], taking the supremum over y € S yields

supd(z,y) < d(,2) + supd(z,y).
yeS yeS

Taking the infimum over S C [0, 1] such that A(S) > 2/3 then yields
D(z) <d(z,z)+ D(z).

That D(z) — D(x) < d(z, z) as well follows from the same argument but with = and z swapped. 0O
O

Lemma F.3. U;(p) is a closed interval containing p;. Moreover, if the interval (p;,pj) contains no

validators, then U;(p) N Uj(p) # .
Proof. Follows from Lemmas [B-2] and [F.2] O O

We now formalize what it means for each attester quorum to have the same diameter. Define 7
as the set of closed intervals that contain more than 2/3 of the attesters and Z as its “closure.”

T = {]a,b] € [0,1] : \([a,b]) > 2/3}

oo
= {ﬂ]k:lk ez,fkgfkﬂ}

k=1
Let Z* then denote the set of minimal elements of Z.

IT*={IecT:}3JecT:JCI}
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To better understand each of these sets, consider their elements when the attester distribution A
is continuous and uniform. 7 contains elements like [0, 2/3+¢] for all € > 0 but not [0, 2/3] since the
measure of the latter interval is exactly 2/3, not greater. On the other hand, Z does contain [0,2/3]
since it is the intersection of all intervals of the form [0, 2/3 4 €], which are elements of Z. However,
since [0,2/3 + €] does not determine any location’s quorum radius (the quorum radius takes the
infimum), Z* prunes these elements and only keeps intervals like [0,2/3], which are minimal in Z.

The next lemma relates the quorum radius D to Z*.

Lemma F.4. D(z) = min{max{d(z,a),d(z,b)} : [a,b] € Z*} for all x € [0,1].
Proof. Let x € [0,1]. For all € > 0, there exist ac,b. € [0,1] such that A([ac, be]) > 2/3 and
D(z) < max{d(z,a.),d(x,b:)} < D(z) + e.

Let a. — a,b. — b as ¢ — 0T (passing through a subsequence if necessary), and note that [a,b] € T
and that
D(z) = max{d(z,a),d(x,b)}.

If [a,b] € 7%, then we are done. Otherwise, there exists [f, g] € Z* such that [f, g] C [a, b] and thus,

=

witnesses the desired identity. ] O

Let D* and X denote the minimum possible quorum radius and the set of locations that achieve
this radius, respectively.
D* =min{D(z) : z € [0,1]}
X =argmin{D(z) : z € [0,1]}
D* is well-defined and X is non-empty since D is continuous by Lemma The next lemma
says that the locations with minimum quorum radius are midpoints of intervals in Z*. When each
interval in Z* has the same diameter, their midpoints are identically the locations that minimize
the quorum radius.
Lemma then provides a useful identity of the quorum radius: the quorum radius of any
location z is the sum of the minimum quorum radius and the distance between x and the nearest
location that achieves this minimum value. We do not use Lemma [F.7] anywhere, but it emphasizes

the idea that locating outside of the locations that minimize the quorum radius is not a good idea:
these locations are weakly dominated.

Lemma F.5. X C {(a+b)/2:[a,b] € T}, with equality if diam(I) = diam(J) for all I,J € T*.
Proof. Let x € X (so D(z) = D*), and let
[0,] € arg min{max{d(z, /), d(z, )} : [f, ] € T"}.
We first argue that = = (a+b)/2, which implies that X C {(a+b)/2 : [a,b] € Z*}. By LemmalF.4]
D* = max{d(z,a),d(z,b)} > d(a,b)/2.

At the same time,
D* < D((a+b)/2) = d(a,b)/2.

It follows that D* = d(a,b)/2 and that x = (a + b)/2, as desired.
Now, to see why the two sets coincide when diam(/) = diam(J) for all I,J € Z*, simply note
that this condition implies that for all [f, g] € Z*,

D((f +9)/2) = d(f,9)/2 = d(a,b)/2 = D".
O O
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Lemma F.6. If diam(I) = diam(J) for all I,J € I*, then for all z € [0, 1],
D(z) =d(z,X)+ D*
where d(x, X) = min{d(z,y) : y € X }.

Proof. Note that Lemma [F.2] implies that D(z) < d(z, X) + D*. To see why this inequality in fact
holds with equality, let

[a,b] € argmin{max{d(z, f),d(z,9)} : [f,9] € T"},
and note that

D(z) = max{d(z,a),d(x,b)}
=d(z,(a+b)/2) + d(a,b)/2
=d(z,(a+0)/2) + D"
> d(z, X) + D",

The first equality follows from Lemma while the second equality uses the fact to travel from
x to the further point between a and b, one must cross the midpoint (a + b)/2. The third equality
and the only inequality then follow from Lemma and the definition of a and b. O O

Lemma F.7. Suppose diam(I) = diam(J) for all I,J € T*. Regardless of the locations of the other
proposers, locating outside of X is a weakly dominated strategy for proposer i.

Proof. Let p_; denote the locations of proposer i’s opponents. We show that p; € X is weakly
dominated by the closest point in X to p;, denoted by z. Assume without loss of generality that
pi < x, and note that for all u € [0, p;],

Li(u,p) = d(u,pi) + D(pi)
= d(u,p;) + d(pi,z) + D*
=d(u,z) + D*
= Li(u,x,p—;).

Here, the second equality follows from Lemma Meanwhile, for all u € (p;, 1],

- 2min{d(u7pi)7 d(xapz)} + d(“a J}) + D*
> Li(uva%pfi)'

That is, the latencies of users that lie weakly to the left of proposer ¢ do not increase, while the
latencies of users that lie strictly to the right of proposer ¢ strictly decrease. This suffices to
show weak dominance since a proposer’s quorum radius does not depend on the locations of other
proposers, only attesters, so L;(u,p) = Lj(u,x,p—;) for all j # 4. In fact, the quorum radii of
proposer i’s opponents would not change, regardless of where proposer ¢ chooses to locate. [0 [
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F.2 Reduction to Pure Hotelling

Theorem F.8. Suppose the user distribution v has full support and diam(I) = diam(J) for all
1,J € T*. Let p denote a configuration of proposers. If p; & X and there exists another proposer
weakly on the same side of p; that contains a closest point in X to p;, then p; is not a best response

to p—;.
Like the proof of Theorem[C.8] the proof of Theorem [F.§ uses the fact that reducing one’s quorum
radius is strictly profitable (Lemma [B.5)). However, unlike when proposers are also attesters, a re-

locating proposer when proposers and attesters are separate cannot affect the quorum radius of any
other proposer since one’s quorum radius does not depend on the locations of other proposers.

Proof. Let p denote a profile of proposer locations, and consider any proposer ¢ such that p; ¢ X.
Let x denote the closest point in X to p; (so d(p;,z) = d(p;, X)), and assume without loss of
generality that p; < x. Suppose there exists another proposer whose location lies weakly to the
right of p;. We examine proposer i’s market share when she locates at p; and when she locates at
x. Note that for all u € [0, p;],

Li(u,p) = d(u, p;) + D(p;)
= d(u,p;) + d(pi, z) + D*
= d(u,z) + D*
= L’L(ua ,1,'7p,i).
Here, the second equality follows from Lemma Meanwhile, for all u € (p;, 1],

Li(u,p) = d(u,p;) + d(p;, x) + D*
= 2min{d(u, p;),d(z,p;)} + d(u,x) + D*
= Li(u,z,p—;) + n(u)
where
n(u) = 2min{d(u, p;),d(z,p;)} > 0.

Now, define
d(u) = min L;(u, z, p—;) — min L;(u, p),
J J

and note that by Lemma for all locations u € [0, 1], M;(u,z,p—;) > M;(u,p), with equality for
u € (p;, 1] only if

1. Aj(u,p) =0 and Aj(u,p) > A for all proposers j # i if 6(u) < 0 or

2. Aj(u,p) > A+n(u) if 6(u) = 0.

We now show that there exists a (A—independent)lﬁpositive measure of users in (p;, 1] for which the
necessary condition does not hold, which implies that proposer ¢ has a better response and that p
is not an equilibrium.

Let a > p; denote the maximum point such that A;(a,p) = 0, and note that A;(u,p) = 0 for all
u € (pj,a]. For these users,

Li(uaxvp—i) = Li(u7p) - 77(“) < Li(uvp)

2580 that the result holds when taking A to 0, i.e., in the sophisticated user model. Recall that if, for all A > 0,
MA (u, pi, p—i) > M (u,p) for all u, then M;(p;, p—i) > M;(p) as well. If, in addition, M2 (u, p}, p—:) > M (u,p) for
a A-independent set of users with positive v-measure, then M;(p;, p—;) > M;(p) as well.
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Lj(u,z,p—;) = Lj(u,p) > Li(u,p) ¥ j # i,
so Aj(u,x,p—;) = 0 and
6(u) = Li(u,z,p—i) — Li(u,p) = —n(u) < 0.

Suppose a > p;, and let j denote the first proposer weakly to the right of p;. If p; = p;, then for all
€ (pla (Z],
Aj(u,p) =0 < A.

In particular, if @ > p;, then since v has full support, (p;, a] is a (A-independent) interval of positive
measure for which §(u) < 0 but Aj(u,p) < A.

Otherwise, p; > aﬂin which case for all u € (a, min{a+d(p;, r),p;}), Ai(u,p) > 0 by definition
of a, and Aj(u,p) = 0 by Lemma SO

6(u) < Li(u, z,p—i) — Lj(u,p)
( (u, ) + D7) — Lj(u, p)

Li(u,p) = n(u) = Lj(u,p)
= (Lz’(avp) +d(a,u)) = n(u) = (Lj(a,p) — d(a,u))
= 2(d(a, u) — min{d(u, p;), d(z, pi)}) (Li(a,p) = Lj(a,p))
< 0. (u € (a,a+d(pi,x)); if pi <a<u)

Thus, if a > p;, then since v has full support, (a, min{a+d(p;, z),p;}) is a (A-independent) interval
of positive measure for which §(u) < 0 but A;(u,p) > 0.

In the case that a = p;, we instead to show that there exists a positive measure of users in (p;, 1]
such that 6(u) = 0 and A;(u,p) < A +n(u). Let k denote the first proposer strictly to the right of
p;- Note that this proposer must exist since otherwise, a = 1 > x > p;, a contradiction. Moreover,
it must be that py < z: if pp > x, then the fact that Ag(p;, p) = 0 would imply that

another contradiction. It follows that z is also the closest point in X to pg. Note then that for all
u € (pi; Prl,

Li(u,z,p—;) = d(u,x) + D*
d(u, p) + d(pr, ©) + D

- k(u7$7p—i)7

so ming Ly(u, z,p) = Li(u,x,p—;) and
5(“) = Lk(u7$7p—i) - Lk(U,p) = 0.

The last equality follows from the fact that the locations of other proposers does not affect proposer
k’s quorum radius. Moreover, for these u,

Ai(u,p) = Li(u, p) — Li(u, p)

26Note that if p; > p;, then L;(pj,p) < d(p;,x)+D* = Li(pj,p) —n(p;) < Li(pj,p), so proposer j strictly minimizes
latency for some users strictly to her left.
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= (d(u,p;) + d(pi, z) + D*) — (d(u, p) + d(pg, x) + D)
= d(u,p;) + d(pi, px) — d(u, pg)

= 2d(u, p;)

< A+ n(u).

Since v has full support, there exist a (A-independent) positive measure of users in (p;,pg]. O O

F.3 Applications of Theorem

Theorem F.9. Let A = 0 and n > 4. Suppose the user distribution v has full support and that
diam(I) = diam(J) for all I,J € Z*. If both v([0,min X]) > 2/n and v([max X,1]) > 2/n, then a
proposer configuration p is a pure equilibrium in our model if and only if it is a pure equilibrium in
a Hotelling game where the strategy space of firms is restricted to X.

Proof. Throughout the proof, keep in mind that if all proposers locate in X, then users send to
their closest proposers since each location in X has the same quorum radius.

Let p1 < -+ < p, denote an equilibrium configuration of proposers in our model. It suffices to
show that p; € X for all proposers i. Note that Theorem [F.8|implies that this containment holds for
i1 €42,...,n— 1} and forces p; > min X and p,, < max X. However, note that if either inequality

were strict, then the proposer with the smallest market share, which is at most 1/n, would obtain
strictly more than 2/n of the market by locating at either min X or max X: she would uniquely
capture one tail, which has user mass at least 2/n, in addition to some users on her other side. This
contradicts the assumption that p is an equilibrium in our model, so it must be that pi,p, € X as
well. In fact, p; = min X and p, = max X.

Now, let p denote an equilibrium configuration of proposers in a Hotelling game where the
strategy space of firms is restricted to X. Formally, the equilibrium condition is that

M;(p) > M;(pl,p_i)

for all proposers i and alternative locations p; € X. Note that p; = p2 = min X and p,—1 = p,, =
max X by the same argument used in the forward direction. It follows from Theorem that the
Hotelling equilibrium condition implies the equilibrium condition in our model for all proposers.

O O

For a continuous uniform distribution of users, we apply Theorem [F.§| to characterize the set of
pure equilibria when the distribution of attesters is also uniform but can be either continuous (see
Theorem or discrete (see Theorem .

Theorem is reminiscent of the equilibrium characterization of [EL75| for the unit interval,
which says that firms generally locate away from one another in equilibrium except for peripheral
firms who must pair up. Theorem assumes that the number of proposers is at least the number
of attesters so that it is possible for the midpoint of each attester quorum to have a proposer located
there. When the opposite inequality holds, proposers still only locate at the midpoints, but the exact
location of interior proposers (i.e., not the left- nor rightmost proposers) varies. Since the attesters
are uniformly distributed, the midpoints are spread across the market, so proposers are also spread
out at equilibrium. The number of proposers at each midpoint is proportional to the fraction of
users who send their transactions to some proposer at that location.

Theorem F.10. Suppose A = 0 and n > 4. If both the user distribution v and the attester
distribution A are uniform, then a profile of proposer locations is a pure equilibrium if and only if
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1. No proposer locates outside of [1/3,2/3].

2. There are enough proposers at 1/3 and 2/3 that no proposer benefits from re-locating to these
points.

3. No proposer’s market share is smaller than another proposer’s half-market in [1/3,2/3]. A
proposer’s half-market refers to both the users to her left for which she minimizes latency and
those users to her right (regardless of whether they are of equal length).

Proof. Note that when the attester distribution A is uniform, X = [1/3,2/3], so by Lemma
D(z) =d(x,[1/3,2/3]) +1/3.

In particular, D(z) = 1/3 for all = € [1/3,2/3], so if no proposers locate outside of X, then they all
have the same quorum radius, and users send to their nearest proposers. Now, suppose the profile
of proposer locations p; < --- < p, is a pure equilibrium. By Theorem p1,pn € [1/3,2/3].
That is, no proposers locate outside of [1/3,2/3]. In fact, one can show that p; = 1/3 and p,, = 2/3.
Suppose by way of contradiction that p; > 1/3, and consider the proposer with the smallest market
share. Note that this proposer’s market share is at most 1/n, but if she locates immediately to the
left of p; instead, then her market share would be strictly greater than 1/3 since once no proposer
locates outside of [1/3,2/3], users simply send to their nearest proposer. The same argument implies
that p, = 2/3. The second condition is clearly necessary. It is not too hard to see that the third
condition is also necessary: if proposer i’s market share is smaller than proposer j’s half-market in
[1/3,2/3], then proposer i can capture this half-market (at least) by locating either immediately to
left or right of p;.

We now show that any profile of proposer locations that satisfy the three conditions is an
equilibrium. Let 1/3 =¢; < -+ < ¢ = 2/3 denote the distinct proposer locations, ny the number
of proposers at qx, and M}, the market share of each proposer at gi. The n; proposers at 1/3 jointly
capture the users in [0, (1/3 + ¢2)/2], while the n,, proposers at 2/3 jointly capture the users in
[(gm-1 + 2/3)/2,1]. Meanwhile, for the remaining locations, the nj proposers at g capture the

users in [(qx—1 + qx)/2, (qk + qr+1)/2]. Thus,

1
M, = /3 +
2n1
4/3 — Gy
M,, = /3 gm—1
2N,
2ng

Now, consider the implications of the fact that a proposer at go does not benefit from re-locating
to 1/3. If ng = 1, then this fact implies that

1/3+¢ _a-1/3
e

ny > 2 22
3Q3—1

2TThis argument requires m > 3. If m = 2, then n > 4 and ny = 1 implies that n; > 3.

Rearranging yields
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Otherwise, ny > 2, and this fact implies that
1/3+ 2 < B 1/3 g
2(n1+1) = 2ng

no(1/3
ny > 2(1/3 + q2)
g3 —1/3
The same argument using the proposers at g,,—; implies that there are at least two proposers at
¢m. The third condition now implies that the proposers are at equilibrium:

Rearranging yields
—1>2n,—-12>3

1. A proposer who shares her location with another proposer can capture at most another pro-
poser’s half-market in [1/3,2/3] by re-locating within this interval.

2. A proposer at g who does not share her location with another proposer (so k € {2,...,m—1})
cannot increase her market share by re-locating within [gx_1, gr+1]. If she relocates outside
this interval but stays within [1/3,2/3], then the most she can capture is another proposer’s
half-market in [1/3,2/3].

Moreover, since there are at least two proposers at each of 1/3 and 2/3, re-locating outside of
[1/3,2/3] is strictly worse than locating at 1/3 or 2/3 since either way, one splits [0,1/3] or [2/3, 1]
with the proposer(s) at 1/3 and 2/3, respectively. However, by locating at these two points, one
also splits the users to the right of 1/3 and to the left of 2/3 that the proposer(s) at these points
capture. ] O

Theorem F.11. Suppose k > 4 attesters are uniformly distributed along [0, 1], i.e., there exists an
attester at each of £/(k — 1) for £ € {0,...,k—1}. Let m = [2k/3|+1, A =0, andn > k. If a
continuum of users is uniformly distributed along [0, 1], then a profile of proposer locations is a pure
equilibrium if and only if

1. No proposer locates outside of X = {qo,...,qk—m} where

m+20—1
Q= m
Let ny denote the number of proposers at qy.

ng > 1 forall £ € {0,...,k —m}.

Ino — Nk—m| <1 and |n; —ng| <1 forall j,0 € {1,...,k —m — 1} such that nj > 2.
max{ng, ng—m}t <m(ng+1)/2 forall ¢ €{1,...,k —m —1}.

ne < 2(min{no, ng—m} +1)/m for all € € {1,... .k —m — 1} such that ny > 2.

S v L

If ny =1, thenng > (m —1)/2.

7. If ng—m—1 =1, then ng_p, > (m —1)/2.

28If m = 2, then the inequality becomes 1/(2(n1 + 1)) < 1/(2(n — n1)) since n1 + n2 = n. Rearranging yields
n1 > (n—1)/2. When n > 4, this inequality implies that ni > 2.
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Proof. With k attesters uniformly distributed along [0, 1], X consists of the midpoints of each group
of m contiguous attesters. That is, X = {qo,...,qx—m}. By Lemma

m—1

D(z) =d(z,X) + 1)

In particular, if no proposer locates outside of X, then they all have the same quorum radius,
and users send to their nearest proposers. Let p; < --- < p, constitute a pure equilibrium. By
Theorem [F.8 proposers 2,...,n — 1 locate at points in X. This forces p1 = qo and p, = Gr—m:
Theorem implies that p; > qg, but if this inequality were strict, then the proposer with the
smallest market share (which is at most 1/n) could capture strictly more than 1/3 of the market
by re-locating to go (she would uniquely capture the users in [0, go] 2 [0,1/3] and at least tie for,
if not uniquely capture, some users beyond ¢qp). The same argument implies that p, = qx_m,. It
follows that no proposer locates outside of X and that min{ng,ng_,,} > 1. Remember that if no
proposer locates outside of X, then they all have the same quorum radius, and users send to their
nearest proposers.

A similar argument shows that ny, > 1 for the remaining ¢. Suppose by way of contradiction
that ny = 0 for some such ¢, and note that the proposer with the smallest market share (which is
at most 1/n) could capture at least 1/(k — 1) of the market by re-locating to gy. Since n > k, this
deviation would be strictly profitable, contradicting the assumption that p is an equilibrium.

Once no proposer locates outside of X and each point in X has at least one proposer, it is not
too hard to see why the remaining conditions are necessary. Let M, denote the market share of
each proposer at gqy.

m
My =
07 2(k — 1)no
m
My =
F 2(k — D
1
M tefl,....k—m—1

Define

af:{msﬁn LE {0,k —m)
=  (e{l,....k-m-1}

Theorem [F.§|implies that if suffices to consider deviations to another location in X. For a proposer
at ¢j who shares a location with another proposer to not want to deviate to g, it must be that

(67 [0
it A

Mj:n-_n 1
J ¢+

This inequality is also immediately necessary for all £ ¢ {j =1} when j € {1,...,k —m — 1} and
n; = 1.
Now, consider ¢ € {1,k —m — 1} more closely. If n; = 1, then for the proposer at ¢; to not want
to deviate to qg, it must be that
9+ ¢ m+1

M=oz ) = 3k = Do £ 1)

Similarly, if ng_,,—1 = 1, then for the proposer at qx_,,_1 to not want to deviate to qx_,,, it must

that 2 +1
9k—m—2 — qk—m m
My 1 = Q1 > - +1)
k—m—1 k—m—1 Z 2(nk7m+1) 2(]{7 1)(nkfm 1)
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To conclude the necessary direction, we show that min{ng,ng_,,} > 2 so that the necessary
conditions for the proposers at gy and qx_,, are exactly those for proposers who share their locations
with other proposers. We do so by examining the implication of the fact that no proposer at g for
¢e{l,...,k—m—1} wants to deviate to ¢; nor gx_,,. Note that this approach requires k > m+2,
which holds for £ > 7. We handle 4 < k < 6 separately.

For k > 7 (m > 5), recall that the fact that a proposer at ¢; does not want to deviate to g
implies that

M= 2 s (n?iil) n 22
1_n - m+1 =1
1 2k—1)(not1) M= L
When ny > 2,
HOZ%%1—1=m-n1—12m—124
(65} 2
When n; =1,
m+1 m—1
= > 2
"0 =50k~ Dy 2 =

The same argument implies that ny_,, > 2. Thus, when k& > 7, the necessary conditions for the
proposers at gg and qx_,, are just those for proposers who share their location with other proposers.

For 4 < k < 6, X consists of only two locations: X = {qo,q1}. It is not hard to see that if
one of the locations had only one proposer, then a proposer from the other location would prefer to
switch. Thus, both locations again have at least two proposers, concluding the necessary direction.

Most of the work to prove sufficiency has already been done for the necessary direction since
the conditions say that most deviations are not strictly profitable once no proposer locates outside
of X. The only deviations not covered by the conditions are those between j € {1,... .k —m — 2}
such that n; = 1 and ¢ € {j £ 1} \ {0,k — m}. We show that these deviations are never binding.
For j € {1,...,k —m — 2} such that n; = 1, the market share of deviating to j + 1 is exactly

(¢j+2 + ¢j+1)/2 — g 3 o]
= < <oa;=—=M;
njp1+1 20k = 1)(njpa +1) ~ 4k —=1) ~ 7y ’
The same argument shows that a deviation from j € {2,...,k —m — 1} such that nj =1to j —1
is never strictly profitable. O O
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